Relations, Functions & Inverse Trigonometric Functions “_

SOLUTIONS OF RELATION, FUNCTION & ITF

EXERCISE # 1
PART-1

Section (A)
A1 nAxB)=nA)xnB)=3x3=9

A2 A={23},B={2 4}, C={4,5)
BAC={4 . Ax (BN C)={(2, 4), (3, 4)

A3 Number of relation from Ato B =22
A4 Ifx=2theny=1,Ifx=3theny=3,
Ifx=4theny=5]Ifx=5theny=7,

A5 (i) Domain of R = first element of pairs (x,y)={-3,-2,-1,0, 1, 2, 3}
(i) Range set consisting of 4, 3,2,1,0,1,2={0,1, 2, 3, 4}

(iii) —3<x<3=(X,y) = (X, 4(x —1)2 )={(-3,4),(-2,3), (-1, 2), (0, 1), (1, 0), (2, 1), (3, 2)}

A.6 (-1,2) e AxA
= —1eA,2eAand (0,1)eAxA=>0ecA 1A
So A={-1,0,1, 2} as A has four elements and S = {-1, 0), (1,-1), (-1, 2), (0, 1), (0, 2), (1, 2)}
Hence the required element of S are given by (a)
Section (B)
B.1 (i) For Reflexive
Re{(1,1)(22) (8, 3)}
For symmetric (1, 2) € R but (2, 1) ¢ R Not symmetric
for transitive (1, 2), (2, 3) e R = (1, 3) € R so transitive
(i) Obviously, the relation P is neither reflexive nor transitive but it is symmetric,
because x2+y2=1 =y + x2 = 1.

B.2 X<y, y<z = X<zZ¥WX,¥,ZeN
: xRy yRz = xRz,
Relation is transitive,
X <y does not give y < x.
Relation is not symmetric. Since x < x does not hold, hence relation is not reflexive.

B3 ()(a.q)eR (i) (p,a) ¢ R (iv) (a,p) 2R
Not reflexive not symmetric not symmetric
41 . :
B.4 2x +x =41 = = 3 ¢ N R is not reflexive
2x+y=41 =3 2y +x =41 R is not symmetric

2x+y 41 and 2y +z=41 = 4x-z=41=(x,2)R
. R is not transitive

B.5 aRb < n|(a-Db) a,bez
nel
(i) aRa < n|(a—-a) & soRisreflexive

(
(i) aRa < n|(a-
(iii) aRb < n|(a -

= n|(a—-b) + (

B-6.=. Reflexive Relation :
A.A=AAfor VA €S, so Relation is Reflexive Relation
Symmetric Relation : AB=BA = BA=AB V A, BeS, so Relation is Symmetric Relation
Transitive Relation : AB = BA, BC = CB = AC = CA Not True, V A, B, CeS
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Relations, Functions & Inverse Trigonometric Functions “_

forexampleA:{1 2]8:{1 0},C={2 2}:AB=BA,BC=CB but AC = CA

13 0 1 4
so Relation is not Transitive Relation
Section (C)
C-1. (i) Case-l : Letx=1
2=1+0 = I=0
Case-ll : Letx=1+ffe(0,1)
given2I=1+f+f = f:%
Hence I=1 andf=%
o] x =0, E
2
C-2 (i) Case -1 : x € I then 4x = x
x=0.
¥ _3[x]
Case-ll : xgl,then4[x]=[x]+2{x} = {x} e
0<{x}<1=0<][x]< %
x]=0 .. {x}=0 .. x=0+0=0
(i) (x]? = =[x]
x=1+f
2=—1
I=0 or I=-1
Case-l I1=0
x=I+f=f
xel[O, 1) L. (i)
Case-ll I=-1
-1<x<0,xe[-1,0) ... (ii)
by (i) and (ii)
xe[-1,1)
(iii) {x}=0 or {x}=-1
xel (rejected)

(iv) Letxel+f fel0,1)

Case:fe{0,1J2I=I:> I=0 :Xe{o,lJHence:Xe{—l,lJ
2 2 2 2
C-3. (i) -5<[x+1]<2
-5<x+1]<1
= -5<x+1<2
-6<x<1 = X € [-6, 1)
(i) [XP?+5[x]-6<0 = (xX]+6)(x]-1)<0 = —-6<[x]<1
= -5<[x]<0 = -5<x<1 = X e [-5,1)
(iii) —1 < {x} < 0is not possible
hence x € ¢
(iv) -1<[x]<0=> —-1<x<1.

c-4. (i) {xX}=0 =[x el= xeR
(ii) X*—2x-8<0=x e (-2,4)
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C-5.

C-6.

(1,1)
(i) |

(0,0)
o

= two solution

(ii) Case-l (x +1)>=0&sgn (x*—1)=0=x=—1
Case-ll (x+1°=1&sgn (X*—=1)=1=>x=-2
=>xe{-1,-2}

) >x (ii) /0/0/0 \
11 2 4
2
2 —oO
1¢—o0
(iif) |
O (2 m3

f(0)=0as0eQ

fley=1—-eas e Q°

[f(e)] = -2 = | [f(e)] [ =2
Hence sum is 3

Section (D)

D-1.

x2+f(x)?=36 = f(x) = + V36 —x?

Equation represents circle of radius 6 with centre (0, 0)

By vertical line test, for every value of x, there are two values of y .
Which contradicts definition of function

So equation doesn’t represents a function.

Vertical line

3 3
M fo= XX = X243 pivigion by zero is undefined
X< =1 (x=1)(x+1)
X#x1

Domainx e R—{1,-1} = x € (—wo, =1) U (-1, 1) U (1, ©)

(i) COSXE[0,1]:>2I'1TE—%SXS2HTE+g,ne]
(iii) f(x) = ﬁ for function to be defined x + |x| >0 for x>0, x+|x|=2x>0
X+ | X

forx <0, x+|x|=0
Domain is x € (0, «)

(iv) f(x) = ex*snx. Domain x € R as there is no restriction for exponent of e.

/\
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/\

(v) f(x)=— +x+2
logy, (1-X)

1—-x>0andx+2>0and1-x#1=>xe(—w, 1)-{0}andx>-2=xe[-2,0) U (0, 1)

(vi) Clearly x > 2 and M20:>|ogz(x—2)30:>x—231:>xs3
logy;,(3x —1)
(vii) x2+x+121 = (=00 ,=1] U [0, )
/cosx—1 1
(viii)  f(x) =2 = cosx—— >0or x:{Znn—E,ZmHE} ,nhel
V6 +35x - 6x? 2 3 3
and 6 + 35x — 6x2>0 orxe —1,6 = Domain —1,£ ) 5—n,6
6 6 3 3
D-3. (i) f(x) = V3-2*-2.27%

3—-2x—-2.2*>0

or (292-3.22+2<0

or (2x=1)(2x-2)<0

= 2xe[1, 2] = x € [0, 1]
(i)  fx)= y1-y1-x?

1—V1-x2>0 = V1-x2 <1

= 0<1-x%2<1 = xel[-1,1]
(iii) f(x)=(x2+x+1)32 = D:xeR
(iv) f(x)= /X‘z v 1. X=2 50 and =X >0

X+2 1+ X X+2 1+ x

X e (-, —2)uUl2,o)andx € (-1,1]1D: ¢
(v) f(x) = Vtanx—tan’x = tan x — tan?x > 0

or O<tanx<1 or XGU {nn,mﬁﬁ}

nel 4
. 1 . X
(vi) fx)= ——— = sin 5 =0 or X # 2Nm
23in5
2
2 2

(vii)  f(x) = Iog1,4(5X;X J - 5";" <1 and 5x—-x2>0

or xe (0,1 uUI[4,5)
(viii) ~ f(x) =log,, (1 —log,,(x2—=5x + 16)) = 1 -—log,, (x* —5x + 16) >0

or x2-5x+6<0 or X € (2, 3).
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D-4.

(i) y=x-3|
Range y < [0, x)

. X

ii =

(i1) V=
Method 1

Domain x € R
yx2—=x+y=0
quadratic in x has real roots as x € R

.. DiscriminantD>0=1-4y?>0= (2y—1) (2y + 1) < 0i => ye {—% %}

Here at y = 0 quadratic vanishes. so we have to check this seperately
Puty=0= x = 0 (a point with in domain)
y = 0 point is included in the range
Note : If there is no point of x in the domain for the value of y for which quadratic vanishes, we have
to remove that point from range
Method 2

x+1 >2

X

f(x) = = We know that

=0< L < L = 1 e {—1 OJU (0, %} But divison by x is done by us,

Soatx=0,y=0
Range ye A1
21

2
Method 3
X . ) 1-x2

f(x) = > isanoddfunction = f'(x)= —— = =0 x=%1

1+ x (1+x°)
>0 xe(-1,1)
<0 X € (—o0,=1) U (1, ©)
Lim X 5 = 0 (0" more accurately)
x—w 14X
Lim X > = 0 (0O~ more accurately)
x—>—0 14X

/\
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(iii)

(iv)

(v)

(vi)

(vii)

(viii)

O x2-9 _ (x=3)(x+3) _
=5 T kg XY

Domain x € R — {3}
Rangey € R— {6}
f(x) = sin? (x®) + cos?(x®)
f(x)=1
Domain x € R
Range y € {1}
f(x)=3sinx+4cosx+5
—V3%2+4% <3sinx+4cosx<+32+42 = -—5<3sinx+4cosx<5
= 0<3sinx+4cosx+5<10= Rangey e [0, 10]
f(x) = 2 — 3x — 5x?
Domain x € R
Method 1
=—5x2-3x+2
opening downward parabola

/?{Dma

/ of \

Range e—oo£ 2e—oo£
gey ' 12 y ' 20

Method 2

52+ 3x+(y—2)=0

D>0 = 9—20(y—2)20:20y—49s0:ys%
X+2

x> —8x -4

or yx2—x(8y+1)—(4y+2)=0

forxtobereal D >0

By +1)2+4y(4dy+2)>20=64y>+ 16y + 1+ 16y>+ 8y >0

80y2+24y+1200rye(—oo,—1} u{ ! j

f(x) = =y =>x+2=yx?—8yx —4y

_—,w
4 20
2
f(x)=X2_2—X+4=y = X2 — 2X + 4 = yx2 + 2xy + 4y
X“+2x+4
X2(1-y) —2x(1+y)+4(1-y)=0
D>0

4(1+yP—16(1-y)2>0o0ry e{% 3}

/\
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D-5.

(i) f(x)= V16 —x? . Domainx € [-4,4] = f(x)>0,y= V16 -x? = x2+y>=16
Equation of semicircle

A

4 4

Rangey < [0, 4]

1

(i) ) = 4 +3sinx

Domain4+3sinx>0:>sinx>—%AIwaystrue:>XER

Range —3<3sinx<3

1 1 1 1 1
=>1<4+3sinx>27=>1>— >-—=21>— >— ye|—,1
4+3sinx 7 J4+3sinx 7 J Lﬁ }
1
iii f(x) = ;o> X >20=w>1++/x >1=0< <1
(i) ) 1++/x 1++/x
Range y € (0, 1]
\J8 — x2 2
(iv) f(X)=€n( 8 ;} for f' to be defined 8 —x2> 0 & 8 )2( >0; x>2
p— X_
8- x2
2,2,\V2) = 0< 5 <oVXxe(222)
X_
V8 —x _
Range of /n € (—o,0)=R
X—2
(v) f(x) = _1 = = sin{x}z0 = {xX}#nm, nel
sin{x}
0 < sin{x} < sin 1 < sin 60° = 0<sin{x}<£ :i < _1 <o
2 J3  sin{x}
_1 =1,2,3...... = Range of | — e N
sin{x} sin{x}
(vi) f(x) = S for function to be defined
V16— 47
16— 4¥*>0 = 16> 4 - 4% < g2
= x2—-x-2<0 = x=2)(x+1)<0
SO ne(-1,2) = "x e (-1,2) = X2 —Xe {—% 2}
4X1‘Xe{i,‘|6j = \/16—4X2‘Xe 0, 16—i
2 J2

So range of

1

S o0

1
V16— 4% 1
16—

2

/\
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(vii)

(viii)

(ix)

(x)

(xi)

D-6. (i)

(i)

(iii)

f(x) = 1 range of cos 3x is [-1, 1] cos 3x [-1, 1]
2 —cos3x
1
f(x) €| =, 1
”6{3 }
n? 2 T T 2 2 T
f(x) =3 sin ,|——-x = D:xe |——,— = ——-x° €|0,—
16 4’4 16 4

3
f(X) € |:0, E:|
3

f(X) = sin?x + cos*x = sin?x + 1 + sin*x — 2 sin®> = sin*x — sin? + 1 =(sm2 X_E + —

(2 |

Domainis R —(2n + 1) gand — J2<sinx+cosx<+2 . sin(sinx + cosx) # % sin 1
But these values will come at x = 0, © so cannot be excluded.

—(2n+1)% — V2 <sinx + cos x <~/2 . sinx + Cosx # = sin 1

fix)=x*—2x2+5=(x2—1¢+4 = R:[4, »)
f(x)=M,x¢4
x—4
1 .......... 0—
y
—t—
Fx) = 1 ,x>4
-1, x<4

Range y € {-1, 1}
f(x) = 3 |sin x| —4|cos x|. f(x) is a periodic function with period . So analysis is limited in [0, n]
f =31-40=+3atx= % Isin x| = 1, [cos x| =
fn=30-41=-4atx=0,[sinx| =0, [cos x| =1 Range y € [4, 3]
sinx . cosx

f(x) =
Vi+tan?x  J1+cot?x

. f(x) = sin x |cos x| + cos x |sin x| periodic period = 2n

sin2x , Xe ( J
o xe[fe
() = ?
-sin2x Xe( S—NJ
2

Rangey < [-1, 1]
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(vi) fx)=1-|x-2|
= [x = 2] € [0, )

f(x) € (= o, 1]

(v)  fx)=x*—12x, x e [-3, 1] =x (x2— 12)
=  f(x)=3x-12=0
orx=:2
R:[-11, 16]
(vi)  f(x) = [sin X] + [tan x] + [cos X] + [sec X]

x € (0, m/4)

= sin X e[o,ij = [sinx]=0

V2

= COS X G(L'q = [cosx]=0

2
tanx € (0, 1) =[tanx] =0

s secx € (1,42 )= [secx] =1
range of f(x) = {1}

D-7. (i) y=lx+2)(x+3)
many - one function

(i) y = [4nx|
many - one function

\

0o 1

. T
(iii) f(x) =sin 4x, x e( g 8}

T
eriod = —
P 2

one-one function
y

-1/10 n/8

n{B X
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D-8.

(iv) f(x)=x+ 1 Xle(o,oo)
X X

many one function

1
——1
[1_1] e[x j 12
(v) fx)= V1—e\* /= f'= —1’(>0 increasing function
2 1—e[71j
Hence one - one
. _ 3x? .
(vi) f(x) = . cos(n x) even function
Y
Hence many - one
. 1 3
(vii)  fx)=x*+ —= f(x)=3%x*- —=0 = x=%1
X X
Also f(x)=0
Range¢ R

f(x) is into function.
(viii)  f(x) = x cos x odd function (f(0) = 0)

= f’ (X) = cos x — x sin X

f(x) is an odd continuous function for which

X—>0

fim xcosx‘ = o . Hence range € R onto function

(ix) f(x) = AN Clearly many one. Clearly f(x)e (—0, —1] U [1, ) =Range ¢ R into function
sin./| x|
(i) f(x) = x|x|
/f(x)=x2
x<0
x>0
f(x) = —x*
NG , x=0
= —x? , x<0

one - one and onto

2
(i) f(x) = y X > even function = many one
+ X

1 > f(x) > 0 into function
(iii) fx)=x*-6x2+11x—-6
fix)=(x-1)(x-2) (x-3)

/\
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+2j‘
/2 ‘

in this interval tan (2 sin x) € R

44
vo. L]

f(x) = tan (2 sin x)
2sinx e[-2, 2]

onto function

D-10. f:[-1,1] = [-1, 1]

(i)

f(x) = x — sin x (odd function)

f'(x) = 1 — cos x > 0 increasing function

Hence one - one

f(-1)=—-1+sin1

f(1)=1—-sin 1

Range = [-1 + sin 1, 1 — sin 1] # co domain function is not bijecive
(i) 2

(x) = x|x| = { -, xz0

-x? , x<0
one - one function
Range = [-1, 1] = codomain
onto function

(iii)

by graph one-one onto
Bijective function

(iv) f(x) = x* even function many-one = Not bijective
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D-11.=

A A

Total number of functions = n";
Total number of one-one onto functions = n!

Section (E)
E1. ()  f(x)=+x? andg(x)= (vx)? Domain x e R, Domain x [0, =) non-identical functions

(i) Domain of f(x) and g(x) are different.

(iii) f(x) = /1 H;OSX and g(x) = cos x

f(x) = |cos x| non-identical function

(iv) f(x) = x and g(x) = ™, Domain x € R*
Domain x € R non-identical function

E-2. f(x)=log (x—1)—log (x —2) = log (:—;J Xx>1andx>2 =X e (2, o) = g(x)=log (:—__;j

X_

>0= X e (—o, 1) U (2, 0) common domain X € (2, »)
X_

E-3. f(x)=x2+x+ 1= g(x)=sinx= fog(x) =sin*x + sinx + 1 = gof(x) = sin (x*+ x + 1)
fog(x) = gof (x)
E-4. f(x)=x2;g(x)=sinx;h(X)= vx
- fo (goh) (x) = f (sinv/x)= (sinvX)? = sin2v/x (fog) oh(x) = sin3(h(x)) = sin2 +/x -

E-5. (i) f(x)= e and g(x) = nx = fog(x) =e™ =x,x>0 = gof(x)=/ne=x,xeR
(i)  f(x)=|x|and g(x)=sinx= fog(x) = f(sin x) = |sin x| =gof (x) = g(|x|) = sin |x]
(i) N« apdn fog(x) = sin(g(x)) = sinx2 =gof(x) = (f2(x)) = (sinx)?
. = y2 = L = 2 = X2 = M
(iv)  f(x)=x2+2, g(x) 1 fog(x) = g*(x) + 2 (x =1y (x =1y
_ f(x) _x*+2
ST R
E-6. f(x)=/n(x2—x+2);R* >R = gx) =i+ 100121 -1, 2]

f(g(x)) = fn ({x}* + {x} + 2)
Domain [1, 2]forx e (1,2){x}=x-1 = fog (X) = fn (x2 —x + 2)
Range [/n 2, /n 4)

2
E7. f=1"" » X1 g=1-x-2<x<1
T+x , 1<x<£2

1 = Xe[o’1]:>fog(x)= 1+(1=x)? , xe[01]
1+g(x), 1<g(x)<2 = xe[-10)

1+(1=x) , xe[-10)
2-2x+x2 , xe[01]

f =
09 (x) { 2—-X , xe[-10)

Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.) — 324005

®
/\ QESDI’]BI’]CE Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

Educating for better tomorrow Toll Free : 1800 258 5555 | CIN : UB0302RJ2007PLC024029 ADVRFITF - 242




Relations, Functions & Inverse Trigonometric Functions “_

E8m ()  flgx)=3X)*2 ; x#0 & X221 = x#1
g(x)+1 X
(i)  g(fx) = fx() )2 ; x#-1 & f(x) % 0 = x%-2
f(x)+2 ) 3 X+2 —_3
(iii) f(f(x)) = fx)+ ; x=-1 & 1 #—1 = X # 5
f(x)-2
. _ 9(f(x))+2 f(x)
(iv)  f(g(f(x)) PO = -2
f(x)
= f(x) =0 = X#—2 alsox#—1

E-9.m fof(x) = f(f(x)) {‘/_f(x fheQ-{0 _ {3*/5 R

3 f(x) f(x) e Q° 3% x xeQ°

3/2x f(x) f(x)eQ-{0} {32\/5 X x eQ—{0}
32f(x) f(x) e Q° 33x xeQ°
{3”—%’2& x € Q- {0}

3"x xeQ°

Similarly fofof(x) = f(f(f(x))) {
So fofo.......... f(x)

a(x)+1 agx)<4
29(x)+1 4<g(x)<9
—-g(x)+7 a(x)>9

E-10. f(g(x))

X2 +1 (x2 <4)n(-1<x<3)
(x+2)+1 (x+2<4)n(3<x<5)

2x2+1  (4<x3<9)n(-1<x<3)
2(x+2)+1 (4<x+2<9)n(3<x<5H)

X% +7 (x2>9)m(—1£x<3)
-(x+2)+7 (xX+2>9)n(3<x<5)

x> +1 xe[-12]
=X flgx)) = {2x*> +1 xe(2 3)
2x+5 xe[3, 5]

E-11. f(x)= 47 = f(1-x)= 47 -2 s fx)+f(1=-x)=1
4% 42 4712 244"
Section (F)
F-1. (i) f(x) = sin (x2 +1)= f(— x) =f (x) = even function
(i) f(x) = x + x2 = f(— x) =x2 —x = f (x) or — f(x) Neither even nor odd function

X

(i) f(x)=x [31_1J3 f(—x)=—x[ ax—1J - f(—x)=x[ax_1J =f(x) even function

a* +1 a*+1 a* +1

(iv) f(x) = sin x + cos x = f(— x) = — sin x + cos x = f(x) or —f(x)
Neither even nor odd.

(v) f(x) = (x2—1) |x| = f(—x) = f(x) even function.
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Relations, Functions & Inverse Trigonometric Functions “_

(vi)

(i1)
(iii)

(iv)

F-3. (i)

(i)

(i)

(iii)

(iv)

[x] x<-1
| fne* | ;o x<-1 3 -1<x<0
fx)=9[2+x]+[2-x] ; -1<x<1=f(x)=< 4 x=0
el : X>1 3 O0<x«<1
X x2>1
-X x<-1
3 -1<x<0
fix) = <4 x=0 bf(x)=f(—x) even function
3 0O0<x<1
X x2>1
f(=x) =M neither even nor odd
(2%)°
flox) = 2€CXFX —9 x*-9_ f(x) even
xsinx
f(—x) = — f(x) odd
—x? X < —1

f(x)= 42+ [x]+[-X] —-1<x <1, even by graph of function

—X x>1

Let f(x) = sin Jx isa periodic function with period T (a positive constant)

fx+T)=f(x) = sin VXx+T =sinvx = JYx+T=nn+ (=1 Jx,nel

since for no value of n, T is indepedent of x which contradicts that sin Jx isa periodic function.
Hence it is a non periodic function.

Let f(x) = x + sin x is a periodic function with period T.

X+T+sin(x+T)=x+sinx=>T+sin(x+T)=sinx=T + 2cos (ZX;Tjsin(gj =0

There is no positive constant value of T for which this equation holds true so f(x) is
non - periodic function.

f(x) =2 + 3 cos (x — 2) fundamental period = 2n

f(x) = sin 3x + cos? x + |tan x| = period _)23_71, T, T

period of f(x) = L.C.M. (z?nn nj = 2n = for fundamental period

f(x + m) = — sin x + cos? x + [tan x| # f(x)
Fundament period = 2rn
f(x) = Sin%x + sin%X = period > 8,6 = period of f(x) = L.C.M. (8, 6) = 24

Fundamental period = 24

f(x) = cos 3?)( - Sin2x

= period — % 7n = period of f(x) = L.C.M. (%,hj =70n

Fundament period = 70x.
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Relations, Functions & Inverse Trigonometric Functions “_

(v) f(x)= fundamental period = 2n
1-cosx
(vi) f(x)= % — period of f(x) = L.C.M. (E,Ej =~ for fundamental period
1+ cos” 6x 6 3 3
sin’l2[x + gj
f (x + Ej = =fx) . Fundament period = —~
2 T 6
1+ cos S[X + j
6
(vii) f(x) =sec®*x + cosec®x = period » 2n = 27 =Fundamental period = L.C.M. (2r, 27)

Section (G)
G-1. (i) f:D—>R
f(x)=1-2% =f'(x) =2-*¢n2 > 0 increasing function = one one function
D :[x € R), Range : (o, 1) # codomain
function is not bijective
f-! does not exist

(i) 109 =@ (x=7))"

fr(x) = % (4= (x=7)3) =45, (=3 (x — 7)2) < 0 decreasing function = one one function

Lim f(x)=— o = Lim f(x)= «
X—>

X—>0 i
D : R Range : R = codomain = onto function is bijective (invertible)
y=@A-x=7R)"m =  4-y5=(x-7)

X=7+(4-y5" or f(x) =7+ (4 — x5
(i) f(x)=fn (x+\/1+x2) D:x R, Range : R
Yy _a7y X _ A~X
y=€n(x+\/1+x2) or x=2 2e = 1 (x) == 2e
(iv)  f:[0,3]— 0, 13]
1+ 1= 4(1- 1+ [Ay—3
y=fXx)=x2+x+1=x= 2( y):x=—2y
B
0
fixy= 1T V4X=3 V24X‘3 as 111, 13] - [0, 3]
2x -2Xx
G-2. f(x)= %: R :R
2y=e*—e? x= % Zn(y+w/y2+‘|) f-1(x) = % Zn(x+\/‘|+x2)
2 <
G3. (a3 fo=iX X=0
—x2 x>0
— <
clearly f'(x) = Vox x<0 number of solutions of f(x) = f'(x) is 3.they are -1, 0, 1
—Jx x>0
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Relations, Functions & Inverse Trigonometric Functions “_

(b) ox?—Bx + 2= 2 NI+8X “i+8xwhere X < %

5-49+8x
4

hence intersects each other at y = x line only. For intersection point 2x2 — 5x + 2 = x

3+5 5

y=2x2-5x+2 and y = are inverse function of each other and are not identical

= x2=3x+1=0 = X = 2 but x<Z
X = 3-5
2
G-4.= f(g(x)) =x f(g9(x)).gx)=1= g'(x)= f'(g1(x))

x = g(x)* + g(x) + cos g(x)
x=1=>1=g(1)pP+g(1)+cosg(1)=9(1)=0
s0g/(1) = —— =1

f(0)
f(x)=3x2+ 1 -sinx = f(0)=1

C C
G-5.= Clearly g(g(x)) = gx) gk)eQ” _ X B x hence
1-g(x) g(x)eQ 1-(1-x) xeQ
fx)=gx)soa-1=1 = o=2 & whena=2
—oX+a+3x—1=-4x+2+3x—-1.hence a =2
Section (H)
-
H-1. (i) f(x) = SN X eor sin~'x, X e [-1, 1] and division by zero is undefined x = 0
X

Domainx € [-1, 0) U (0, 1]

(ii) f(x) = 1-2x + 3 sin-! (3"2‘1} 1-2x>0and—1< 3"2‘1 <1 =>x< %and - % <x<1
Taking intersection
Domain xe —11
3 2
in- 1
i) fx)= 25" x— ~1<x<landx>2= xe
(iii) (x) Jx-2 ¢
H-2. (i) f(x) = /n (sin7'x) Domain sin”"x >0 = x € (0, 1]
Range 0 <sin"'x < g = — o0 < /n (sin'x) < /n (gj
Inequality doesn't change as ¢n is increasing function
[ay2 / 2
(i)  f(x)=sin~ # it is obvious # is +ve v x e R
5x° +1 5x“ +1
2
for function to be defined % <1 = \3x2+1 <5x2+1 - 52+1>0 VxeR
X" +

squaring both side 3x2+ 1 <25x4+ 10x2+ 1 = 25x*+7x2>0
Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.) — 324005

®
/\ QESDI’]BI’]CE Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

Educating for better tomorrow Toll Free : 1800 258 5555 | CIN : U80302RJ2007PLC024029 ADVRFITF - 246 ‘




Relations, Functions & Inverse Trigonometric Functions “_

\/3x2 +1 3x2 +1

<1VvVxeR atx 5o — >0

hold for all ¥ x € R. So

5x2 +1 5x2 +1
2 2
300<—“3X2+131 = o<sin-1—“3x2+1$n/2
5x% +1 5x% +1
(i) f(x)=cos | XWX+
X(x —2)(x = 3)

VBV

AN4Ra

(x=1)(x+5)
X(X—2)(x—3)

(x=1)(x+5)
X(X—2)(x—3)

(x=1)(x+5)
X(x —2)(x—3)

H-3. (i) sin {E—sin‘1 (—1ﬂ = sin {£+sin‘1 (1ﬂ = sin(£+£j =sin (S—RJ =1
3 2 3 2 3 6 6

ii -1 1 -1 __1 E E_ _1_1 = E_E = E [ J—

(ii) tan {cos E+tan ( \/gﬂ tan [3 tan \/§J tan ( 6} tan 5 3

3
(iii) sin-! [cos {sin‘1 (EJH = sin™ {cos E} = sin' sin (E—EJ =z
2 3 2 3 6

form graph , it is clearly visible

that function attain all values b/w [-1, 1]

So Range of cos™ { j € [0, n]

n
H-4. (i) 2003‘1 o =0 = cos"a, = 0 = o, =1

i=1
n
Miog=1+2+3+....... +n=n(n—+1J
i=1 2
2n ] . .

i sin”' x. =nn we know that — —<sin'x < —

UND 2 =2

i=1

equility holds good only when sin~" x, =% vi=1,2,3....2n

= x=1 V i=1,23,..,2n = D x =2n

H-5. (i) cos'x > cos'x?xe [-1, 1]
Defined for xe [-1, 1]
As function decreases

X < X2 = x2—x >0
x(x—=1)>0 = xe(-oo, 0)U(1, =)
xe [-1,0)

(i) Letarccotx=p = p?—-5p+6>0 = (p—-2)(P-3)>0
cot-'x is a decreasing function
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Relations, Functions & Inverse Trigonometric Functions “_

4
3fn
\ﬂz

cot3 cot2 [°

(=00, cot3) U (cot 2, «)

(iii) sin"'x> -1
= X € (—sin1,1]

0 1

............. —n/2

(iv) cos'x<2=x e (cos 2, 1]
(v) cot' x < —+/3
cot'x >0 V x € R = no solution

H-6.= f: {—E E} — B if f-' exists, then function should be one-one and onto

3'6

f(x) = 2 cos?x + J3sin2x+1 =2+ cos 2x + /3 sin 2x=2+2[sin(2x+%jj

T T
xe|-=,—=
5

2x + %e{—g,g} or f(x) € [0, 4] = f1(x) = %[sin‘1 (%ZJ%J

Section (I)
1-1. (i) sin’ sin(%} = sin~" sin (x + /6) = sin~! sin (— 7/6)

T Ly
3 3 3

T Y T
(iii) cos™' cos(n +Zj = cos™ (—cos ZJ =1 — cos™ COSZ= m—

(iv) sec™' sec (2rn — m/4) = sec'sec /4 = /4

2. (i)  sin(sin4)=(n—4) [ <4 <%]

(i) cos™ (cos 10) =4n—10

(iii) tan™' (tan (- 6)) = tan-' (—(tan(6))) = —tantan'6 =— (6 — 2n) =2t — 6
(iv) cot™' (cot (- 10))=n—cot'cot 10 =t — (10 —=3n) = 4n— 10
On 3n 3n _17n

(v) cos™’ i cos——s.ing—7T =cos™' cos E+9—7T = cos™ cos&=cos-1 —COS— |= M —=——
J2 10 10 4 10 20 20 20 20

1-3. (i) cot (tan-' a + cot™" a) = cot g= 0

(i) sin(sin™'x + cos'x) = sing= 1
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Relations, Functions & Inverse Trigonometric Functions “_

1-4. tan-1x>g—tan‘1x:> tan-1x>%:>x>tan%:>x>1

Section (J)

J1. (i) sin cos-% = sin(sin‘1 gj = % (ii) tan(cos‘1 %j = tan(tan'2y/2 ) = 242

(Va1 ] JA1 _Ja1
5 4

(iii) cosec(sec‘ = cossec cosec™' ——

2
(iv)  tan cosec' 82| =tantan 3= 83
63 16 16
(v) sin= £+cos‘11 = sinL cos cos-1l+ cosZ sin cos-11 A DV BN ﬁx\/ﬁ = 1+35
6 4 6 4 6 4 2 4 2 4 8
(vi)  cos sin'2 4 cos 2 | = cos sim'2 cos cos 2 —sinsin '~ sincos 2 =§><g—i><£ _6-45
5 3 5 3 3 5 3 5 3 15

(vii)  sec |tan {tan’ ~TIll=sectan tan'E =sec == 2
3 3 3

J_ _\5

(viii) cos tan™’ jg = cos cos' —

3
(ix) tan (——sec 3} = cotsec' 3 =cotcot!' — —i— 1
2 V8 B 242
J-2.  sin"'(cos(sin~"x))+cos 'sin(cos™' x) = sin! (\/1 -x2 )+cos 1-x? =g
J-3.n tanx +tan'y=n -2 tan-'z
X+y = —tan (2tan"'z) = Xty - 222
1—xy 1—xy 1-z
DX+ Y—XZ2—YyZ? =27+ 2XyZ = X + Yy + 22 = xZ% + yz? + 2xyz
J-4. E + sin'x + 32 + tan-'y = 4sec'z + 5cosec 'z = sin-'x + tan-'y = cosec'z
_ X Ly
. 1/z 1-x° _N1+x? —xy
= tan~’ + tan-'y = tan™’ = = Jz?-1=
NES'S ho 1 - X \/z -1 X+ yv1-x
z V1-x?
tan™ 2 x>0
X
T X
J-5. g(x) = > x=0 x > 0 h(f(x)) =5 = h (g(x))
—tan'13, x<0
X
X —X
x < 0 h(f(x —,h((@(Xx)=—
(f(x)) = 5 (9(x)) 5
J-6.= (i) Let tan'x=6 = tan 6 = x cot 0= l Vx>0
X
9=—n+cot—1lv x<0
X
X

sin 6 =

= 0 = sin™’ [

X
V1+x2 V1+X2j
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Relations, Functions & Inverse Trigonometric Functions “_

coso = ! x>0
1+ x2
0 = cos™’ ! =tan'x x>0
V1+x2
and for x < 0 = cos~' cos0 = cos™ ! = -0 = cos™ !
V1+x2 V1+x2
1 X
= tan-'x = —cos™’ =tan'x=-n+ cot”’ — =sin =—cos™ where x <0
1+ %2 X J1+x? 1+ X
(i) Let
0 = cos™' x given —1<x<0 = cos 0 = x ee(%,n)
Sl 8= seci = sinf=v1-x> = 0=n—sin""V1-x2
X X
— X2 [1 2
tan@ = L == 9=n+tan-11—x
X
X
cot O = = 0 = cot™
1—x2 1-x2
J-7. (i) Let tan"'x=0 = tan' ) 2X2 =tan'tan20 =20 — n = 2tan"'x — 1t
—X
(i) Let sin'x=0 = sin~' (2x ¥1-x? ) = sin~' sin20 = 1 — 20 = 7 — 2sin-'x
(iii) Let cos'x=60 = cos™' (2x2— 1) = cos™ cos20 = 21 — 20 = 21 — 2c0S"'X
J-8.m Letx=tan® and y =tana = sin-’ 2x = sin™' sin20 = & — 20
1+ x
—1 1- y2 = =i = i = = -1 -1
cos 1—2 = cos™' cos2a. = 2a. = tan §—9+oc =cot (6 —a) = cot [tan~' x — tan-"y]
+y

cot| tan XX | = cot | dor [ LEXY || = 1EXY
1+ xy X—y X-y
J-9. (i) Letsin'x =6

cos(29)=% = 1—23in29=1sin29=%:x=sin6=i

i
Ng

(i) cot' x + tan™' x =£. sox=3
2
x—1+x+’l )
(|||) tan-! X__‘I + tan-! X +1 = tan-! w = tan-! ﬂ =£
X—2 X+2 x2 1 3 4
1- 2
X< —4
case- |
2
4=y L yx=x L - ()
3 2
If x=Dx+1) 1 X e (=2, 2) )

(Xx—2)(x+2)
1

from (1) & (2)x ==

=
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Relations, Functions & Inverse Trigonometric Functions “_

(x=1(x+1) o1

case-ll If
(x—2)(x+2)
= X € (=0, =2) U (2, ) ..(3)
L[ 4-2x _m
tan +tn=—
3 4
4-2x2 1
=1 X=*— .. 4
3 N (4)
from (3) & (4) = Xeo
case-lll .. Oy
(x—2)(x+2)
no solution = x =+*— are the solutions
V2
. . _ 2n | 1 B _. 2n |
(iv) sin~' x = ?—sm 2x = sin x sin™" x = sin ?—sm 2X
x—£ 1—4x2 +2—2X = x=§x/1—4x2+x
_ 1 _ 1 . 1
1-4x2=0x=+— Butx=-— does not satisfy = X=—
2 2 2
Section (K)
K-1. (i) sin-! 3 + sin™’ I sin™' §x1— g xi = sin-1z
5 17 5 17 17 5 85
3 &
(i) tan-1§ + tan S =tan 412 =tan-1% = cos-1§
4 12 1_§X3 33 65
4 12
3 1 2 = Sin—1i=£
| B0 V1o 5 NP

(iii) siw{%} + cot' 3 = sin"! [E} + sin-!
7

1 i 1 1 1 1.1 1
(iv) tan- 1 + tan™ + tan™ L + tan™ =tan'| 3-8 | +tan1| 2 7
7 1— 1 1 1 1

7

3

= tan | X ) +tan [ 12 = tan| X )rtant[ &) =tan- M =tan-' (1) =2~
23 34 23 17 1— 11 6 4

23 17

K-2. (i) tan-1;+tan‘12;+tan _
X< +X+1 X“ +3x+3 X°+5x+7

! L N, (X =(x+r=1) ) _ < p ,
Z:tan [1+ x+r)(x+r_1)J_Ztan [1+(x+r)(x+r—1)J_Z{tan (x+r)—tan (x+r—1)}

r=1 r=1

+ upto n terms

= [{tan"(x+1) —tan-'x } + {tan' (x + 2) —tan-"(x + 1)} + {tan”" (x + 3) —tan-'(x + 2)} + .....+

{ftan"(x + n)—tan"' (x + n—=1)}] =tan” (x + n) —tan" x

n—1
(i) tan-1% + tan-1§ + ... + tan-1122ﬁ o + upto infinite terms
+
0 2n—1 0 2n _2n—1
— -1 — -1 -1 -1 ~n-1
= ztan W —ztan W Z{tan 2" — tan 2" }
n=1 n=1 .

=[(tan'2 —tan"'1) + (tan"'22—tan"2) +
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g

(tan'23—tan™" 22) + ..... +/im (tan'2"—tan'2~")] = /imtan-'2"—tan"' 1 == I -
n—o0 n—o0 2 4
(iii) sin1—— + sin-! ﬁ_1+ ..... + sin-1L -1, up to infinite terms
V2 J6 n(n—1)
= ZSI -1 -1 = Z{sm 11 gt }
- nn+1)  “ Jn n+1
.1 ._11 ._11 ._11 ._11 ._11 .(._11 P | 1}_7’(
=[|sin""1=sin”'— |+| sinT' —=—sin"' — |+| sinT ——=—sin”' — |+....+ fim| sinT' —= —sinT — ||= =
K V2 NG 3 J3 4 n—>a Jn Jn+1 2
PART -l
Section (A)
A1. BUC ={c d, e}, B C={d}
AuBuUC)=¢

AuB nC)={a, b, d}

Ax(BuUC)={(ac) (a d),(ae) (b c) (b, d) (b e)}

A x (BNC)={(a, d), (b, d)}
A-2. n(A)=3,n(B)=2; n(C)=3 = n(AxBx C)=3.2.3. = 18.
A-3. A x B is a relation defined from set A to set B
A-4. Obviously R Ax B

A-5. R, — Domain={1, 3, 5}

Range = {3, 5, 7} so R, is a relation
R, — Domain={1,2, 3, 4, 5}
Range = {1, 3, 5} so R, is a relation

R,— Domain = {1, 3, 5}
Range ={1, 3, 5, 7} so R, is a relation

R,— Domain={1,2,7} ¢ X so R, is not a relation

A6. A={1,2 3}
-5<a?-b?<5h
R={(1,1),(1,2),(2,1), (2 2),(2,3), (3, 2), (3 3)}
Domain of R={1, 2, 3}
Range of R={1, 2, 3}

Section (B)

B-1.= For any a € N, we find that a is divisible by a, therefore R is reflexive but R is not symmetric,
because aRb does not imply that bRa.

B-2. Since x ¢ X, therefore R is not reflexive. Also x <y does not imply that y < x, So R is not symmetric. Let
xRy and yRz. Thenx <yandy <z = x < zi.e., XRz. Hence R is transitive.

B-3. xRy < x>y isnotsymmetric relation
xRy < x/y is not symmetric relation
xR,y & x <y is not symmetric relation
xRy & x2=y? is reflexive, symmetric and transitive so equivalence relation
xR,y & x <y is not symmetric relation
xRy & x2=y? is reflexive, symmetric and transitive so equivalence relation
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Relations, Functions & Inverse Trigonometric Functions “_

B-4.

B-5.=

B-6.=

B-7.

B-8.=

B-10.

Forany a € R, we have a > a, Therefore the relation R, is reflexive but it is not symmetric as (2, 1) € R,
but (1, 2) ¢ R,. The relation R, is transitive also, because (a, b) € R, (b, ¢) € R, imply thata>b and b
> ¢ whichis turnimply thata>c= (a, ¢c) e R,.

HereoRp © alPp<=pBLla
Hence R is symmetric.

1+aa=1+a2>0,va eSS, .. (a,a)eR

R is reflexive

(a,b)eR=>1+ab>0 = 1+ba>0= (b,a)eR
R is symmetric.
(a, b) e Rand (b, c) e R need notimply (a, c) € R

Hence, R is not transitive.

1. R is not symmetric so it is incorrect.

2, S, # S, so not reflexive

Let S,={1,2,3;&S,={1,2}

it satisfies the condition

S, 25,=85, ¢ S,

So non symmetric.

let S,={1,2},5,={4,5},S,={1,2, 3}

asS, ¢S, and S,z S, S, S,

S0 non transitive.

We have (a, b)R (a, b) for all (a, b) e N x N

Since a+ b =b + a. Hence, R is reflexive.

R is symmetric for all (a, b), (c, d) € N x'N we have (a, b) R (c, d)
= atd=b+c

= ctb=d+a = (c, d)R (a, b).

(a, b)R (¢, d) and (c, d)R (e, )

a+td=b+candc+f=d+e,

> at+td+c+f=b+c+d+e=a+f=b+e

= (a, b) R (e, f) = Riis transitive

Thus, (a, b) R (c, d) and (c, d) R (e, ) = (a, b) R (e, f)

2, || £, = Risreflexive.
6, =6, ¢ .. Rissymmetric.
LG=6114 = | ¢ .. Ristransitive.

R={(x,y);x,ye A, x+y=5} A={1,2,3, 4,5}
R={(1.4), (2 3),(3,2), (4 1)}
R is symmetric but neither reflexive nor transitive.

B-11.= Reflexive Relation :

A.A = 0for VA €S so Relation is not Reflexive Relation
Symmetric Relation :

AB=0=BA=0NotTrue V ABeS

[0 O] 00

for example A = , B= =AB=0butBA=0
12 0] 0 2

Transitive Relation :
AB=0,BC=0 :>_AC =0 Not True, vV AB,CeS

1 2] 2
for example A = , B= 00 , C= 3 =AB=0,BC=0 butAC=0
13 4] 00 4 5

/\
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Relations, Functions & Inverse Trigonometric Functions “_

Section (C)
C1. [e]—-[-n]
here e=27

n~3.14
[2.7]-[-3.14] =2-(-4)=2+4=6

C-2. 2{x-5x}+2=0

So {x}= %,2 but {x}=2
So {x}= % X has infinite values.
49 149 151
C-3. Zf(n)= 0; Zf(n)= 100; f (150) + f(151) = 4; Zf(n)= 104
n=1 n=50 n=1

C-4. Llet2x=t
then [t] -3 {t} = 1
Nowput t=1+f;0<f<1= I-3f=1
0<I-1<3
1<1<4=1=1,2,3

When1=1,then=0 x=%
When 1=2, thenf=1 x=Z
3 6
When1=3,thenf=g x=ﬂ
3 6
so it has three solutions.
x> —5x +4
C-5. T<0 =>X-1)(x-4)<0andx ¢l =xe(1,4)-{2, 3}.
X

C6. x—4x+3x>0=xe(0,1)uU(3, »)
Sincex eZ,xis4,5,6,7,8,9, 10
Hence number of values of x is 7.

C-7. Case :xel
O=x-1=x=1
Case-: xgl
1=|x=1] = x=0, 2 (reject both) = x =1

C-8.  p should be irrational (D).

Section (D)
D-1. For domain —log,,(x-1)=0 and xX2+2x+8>0
= log,,(x—1)<0 = (x+12+7>0
= (x=1)=1 = xeR
= X222 Taking intersection x e [2, «0)

D-2.  f(x)=log, (3x? —4x + 5)

3x2—4x+ 52> % = (n (3x2 —4x + 5) > /n % [+ /nis an increasing function]

Range is {éng, oo}
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D-3.

D-4.=

D-5.=

D-6.

D-8.

f(x) = 4%+ 20+ 1
let 2r=t>0,vxeR
f(x)=gt)=t+t+1, t>0

2 2 2
g(t) = t+1 +E = t+l >1 = t+1 >l:> t+1 +§>1
2 4 2 2 2 4 2 4
Range is (1, «)
f(x) =log 5 (\/E(sinx—cosx)+3) we know that —+/2 < sin x — cos x < +/2, V x € R [since —/a? +b?

<asinx +b cos x <\a? +b? ] = —2<+/2 (sinx—cos x) <2
= 1< 2 (sinx—cosx)+3<5=0< Iogﬁ (/2 (sin x — cos x) + 3) < 2. Hence range is [0, 2]
One One / Many One

2 _ 2 _ 2
(x) = 2;( X+5 el e B = f'(x)=(4x 1)(7x +2x+210) (14x:2)(2x X +5)
7x°+2x+10 (7x° +2x +10)
2 [— f—
/(%) =W = xe(-u0) u(ﬂ, ooj
(7x° +2x +10) 11
fx)<0 = xe 0,ﬂ = f'(x)=0 = x=0,£
11 11
Function is increasing and decreasing in different intervals, so non monotonic
.. Many one function.
Onto / Into
2 [—
f(x)=2;(—x+5 —=2x2_x+5>0,¥xecRand7x2+2x+10>0 ¥ x e R
7x°+2x+10
-a=2>0and a=7andD=4-280<0
D=1-40=-39<0 .. fx)>0VxeR

Also f(x) never tends to oo as 7x2 + 2x + 10 has no real roots, Range = Codomain so into function.
f(x)=x3+x2+ 3x +sinx, x € R = f(x) = 3x2 + 2x + 3 + cos X
3x2+2x+32% asa=3>0andD<0

= —1<cosx<1
sof(x)>0Vx eR = lim f(x)=+o = lim f(x)=—o
X—>00

X—>00

Hence f(x) is one-one and onto function (as f(x) is continuous function)

4—-x220,x3—x>0 = xz+2and—-1<x<0or1<x<ow
/A o\:/1 >

D =(-1,00U(1,0)={2} orD=(=1,0)uU(1,2) U (2 )

f:00,0) > [0, 0) =  f(x) =——
1+ X
= X2 o X, = X, only

1+x,  1+X%,
for given domain f(x) < 1
function is into

/\
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Relations, Functions & Inverse Trigonometric Functions “_

N

2 3 2
D-9.= —X—>1whenx—>oo
1 3
X X

-

D-10. f(x) = _ X=2
(x=1)(x-13)
D-11. f(g(x,)) = f(g(x,)) = a(x,) = g(x,)
as fis one - one function = X, =X,
as g is one - one function
hence f(g(x,)) = f(9(x,)) = X, = X, = f(x) is one - one function

D-12. If f(x) is increasing continuous function in [a, B], then its range is [f(a), f(B)] but for discontinuous
function the statement is not true.
So D is correct.
-X, xeQ

D-13.ay=(f-g) (x)= {
X, xeQ
Which is one-one and onto function
Section (E)

E-1. (A f(x) = sin?x + cos*x, x e Rand g(x)=1,x € R
fx)=1, x e R and gx)=1,xeR identical functions

(B) f(x) = sec’x —tan’x, x e R—(2n + 1) g and g(x) =1, x e R Non-identical functions
(C) f(x) = cosec?x — cot?x, x € R—nn and g(x) =1, x e R Non-identical functions
E-2. Domain of f(g(x)). Range of g(x) = Domain of f(x)

= —B5<|2x+5|<7 - 0<[2x+5|<7 =  —7<2x+5<7
- —12<2x<2 =  —B<x<1

E-3. gxX)=1+{x} = f(x) = sgn (x)
f(g(x)) = sgn (1 + {x}) = 1
Section (F)

FA. f(x)=log [ 125X} o fx) = log[ 123X | = _jog( 1HSIMX ) _ _ %) odd function
1-sinx 1+sinx 1-sinx

1

F-2.  f(x)=[x]+ % X & 1 =f(=x) = [-x] + %= W= == —([x]+%j = —f(x) odd function

F-3.= Let us consider a graph symmetric w.r.t. line x = 2 as shown in figure
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]

X, x=2 X,

from figure f(x,) = f(x,) where x, =2 -x&x,=2 +X s f(2-x)=f(2+x)

F-4. f(x) = sec (sin x). Since sin x is a periodic function with fundamental period 2x. f(x) has a period 2n
for fundamental period f(x + ) = sec (sin (n + x)) = sec (—sin x) = sec (sin x) = f(x)

f(x + gj # f(x) hence fundamental period is &t

F-5. f(x)= sin(\/[? x) = Period =%= o
a
[a] =4 = ac[4,5)
F-6. y=[2]|cosx|]
period = 1t
areain [0, w] = 2. g
.......... *
| E ‘E, 2% TIC
3273

so required area = 9 X% =6n

Section (G)
X —X
G1. J=¢-"¢
1 e +e*

By compnendo and dividendo
X
1+_y= 2e =2X =/n (H_yJ

-y 2 1-y
f—1(x)= 1gn 1+_X
2 1-x
G-2n f:[1,%) > [2 )
+.y% -
y=f(x)=x+ 1 = X2—xy+1=0 = x=¥
X
2
f1(x) = %as £ [2, @) — [1, )

G-3.= Since f(x) and f'(x) are symmetric about the line y = —x.
If (o, B) lies on y = f(x) then (B, —a) on y = f'(x)
= (-B, —a) lies on y = f(x)
=y =f(x) is odd.
ax+b
a[ J+ b
ax+b . fof(x) = cx+d

cx+d [ax+b}
c +d
cx+d

2
G4.  f(x)= _a X +ab+bcx +bd

= fof(x)

acx + bc + cdx +d?
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Relations, Functions & Inverse Trigonometric Functions “_

fof(x) = (a® +bc)x +(ab +bd) _ y
(ac + cd)x + (bc + d?)

on comparing coefficient of both side (a? + bc) x + (ab + bd) = (ac + cd) x? + (bc + d?) x

a?+bc=bc+d? = a=dora=-d
and ab+bd=0 = b=0ora=-d
and ac+cd=0 = c=0ora=-d

which can be simultaneously true fora=-d

{f(x) —1<f(x)<1 {x -1<x<1
G-5:a h(x) = f(f(x)) = -

f(x? 1<f(x)<2 x* 1<x<+2
so domain of h(x) is [-1, ¥2 ]. hence range of h-'(x) is [-1, +/2 ]

h(x) = f(f(x)) = f(x) —1<f(x)<1_[x -1<x<1
f(xP 1<f()<2 |x* 1<x<2

G-6. y=f(x)andy =f"(x) can intersect at points other than y = x
eg. y=-x+c or y = 1-x2
Section (H)

H-1. f(x)=sin"" (jx—1| = 2). Fordomain—1<|x—=1]-2<1
=>1<|x=-1<3 =>x-1¢€[-3,-1]u[1, 3] = x e [-2,0] U2, 4]

H-2. f(x)=cot!x(x+3) +cos'vx?+3x+1

for domain

X(x+3)>0 and 0<x2+3x+1<1

= Xe(—0,-3lUl0,©) and x2+3x+1>0 and x2+3x<0 = xe[-3,0]
Taking intersection
x € {-3, 0}

H-3. .. -1<x<1 (1)

xeR .-(2)
x <=1 or x>1 .(3)

By (1)n(2)n(3)
= x e {1, 1}
T W o 3n

H-4.» Domain of f(x)isx e {1, 3f(=1)= -2 T z-T o fn=2,T,0-2F
2 4 4 2 4 4

H-5. cosec™ (cosx) is defined if cosx >1or cosx <-1=  cosx=*1=>Xx=nxn

H6. y= m For domain sin-' 2x + % >0

1 1 1

. T
= — <sin'2x < — = - —<2x <1 = —

H-7. sin”|tanZ |—sin™’ i I -p = sin-11—sin—1\/§=ﬁ
4 X 6 X 6

H-8.= 4-x2>0 & -1<x2-5<1
x2<4 & 4<x2-5<6
So x? = 4 which satisfy the given equation
So x = £2 number of solution = 2.

ola
N
N
&
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Relations, Functions & Inverse Trigonometric Functions “_

Section (I)
1-1. n<X<2n cos™'cos x = 21 — X

. : 2
1-2. sin”'x + sin”'y = g —cos'x—cos'y +g= n— (Ccos'X + cos'y) = ?n

Y
= cos'x+cos'y= 3

1-3. 6 =sin"'x +cos'x —tan' x = g —tan™' x
Domainx e [-1, 1] But givenx >0
=x e [0, 1] = = % — tan-"'x = cot'x
forx e[0,1] = T g™
4 2
I-4. |
e = |/nx|
Section (J)
J1. = cot| = Pein =P =SEnsin o= S
2 5 5 4

J-2. tan? (sec 2) + cot? (cosec' 3) = tan? (tan™' NE) ) + cot? (cot! J8 )= 3+8=11

J-3. Let f(x) = x® +3x — tan2
f(x)=3x2+ 3> 0 V x € R = f(x) is increasing and has exactly one real root
f(0) = —tan 2 = positive
f(-1)=-1-3 —tan2 = — 4 —tan2 = negative
.. o lies between (—1,0)
Now, cot”'a + cot™’ . _ cot'a + m + tan-'a —g= i
(04
J-4. Here, x € [0,4]
Now, we have

sin~! ﬂ + cos™! ﬂ + tan! y =2_7T. = y= i
2 2 3 NG
49

= 5 and minimum value of (x2 + y?) = (0)? + L =

..Maximum value of (x? + y?) = 16 + 3

w| =
W] =

J-5. By property if x <0 tan-11 =cot'x—mn
X

1 b1 1 P
stan'x+tan'— =tan'x+cot'x—n =5 -7 =tan'x+tan"'— =- 5
X X

J-6. sin~' x + cot" 1 =T :>sin-1x+cos-1i= = X
2) 2 \/—

5

S
NG

N3
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2!
!
J7n 2—51=;_7
2.1 7
1+ ﬁn
1—
25
Section (K)
X_ X
3 J§

X X
K-1.= f(x =tan- =tan'— —tan'— ;0<x<3.
¥ 3

&F
Hence, f(x) = tan™’ (%} = range of f(x) is{o,ﬂ

K-2.  Using properties

tan-' x + cot'x = =~ = 2 - x = JJab
2 X b
1_m
statement-1 is true tan™’ (mj + tan™ N\ =tan- my tan-' 1 — tan™ m =X
n Y n n 4
n
2
K-3.= Given that, cos™ x — cos™ % = o= cos" {x_2y+ V1-x2 1—%} =
= + 11— 1———003a = 2 V1- —=— =2c0sa—Xy
W2V A2
On squaring both sides, we get W = 4 cos?a + x2y? — 4xy cos o
= 4 —4x2 —y? + x?y? = 4 cos?a + X?y? — 4xy COS o
= 4x2 — 4xy cos a + y? = 4 sin?a
PART -1l
1. Obvious (according diffenations of Reflexive, Symmectric and Transitive relation)
2. (A) f(A) = Area of A. Different triangles can have same area.

Many on function. Area of triangle is positive hence onto function
(B) f(x) = cot' (2x —=x2—-2) =cot'(-1 - (x = 1)?)
= —1-(x=-12<-1

= f(0) = f(2). Hence f(x) is many-one.
= cot' (2x—x2-2) e {% nj

Hence, f(x) is onto. Also f(3) = f(—1), hence function is many-one.
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= -1—-(x-1)2=-5.
o 2X% —x+1 ) =
(C) f(x) = m f'(x)

f(x) is many one.

X2 +2x

_ f(x) is not monotonic
(7x% - 4x + 4)? )

(D)
,,,,,,,,, e
v T
--------------- y=€e"sinx /
L “3211 X
""""""""""""""" y=—¢'
Clearly, from the graph that f?x) is many-one and onto.
3= Obvious
4w (A)  sint Jx+cos' Vx = % N x e [0, 1]
(B) sin! /x + cos™ (1—\/x>2) =0 = cos'V1-x? =—sin(x)= x € [-1, Q]
—x2 L 2
(C) g 1 X2 = 2h(x) = cos™’ 1 X2 =2tan"' x = x € [0, «)
1+ x 1+ x
(D)  hx)+h(1)= h(::Jr—XJ =  tan'x+tan'=tan- (”—XJ =  xe(=w1)
—x —X
5 (A) Let x = M,yz M’Zz M’X,yyz>0
\ bc \ ac \ ab

0 = tan'x + tan-'y + tan-'z

3/2

Nowx+y+z=\/
bc

(a + b+<:)3/2

and xyz =
y abc

Hence 6==
(B) Let a = tan-'(cotA)
= [ = tan™'(cot®A)

cotA +cot® A

=tan(a+B) =
o+ ) 1-cot* A

R.H.S. is negative = n< oc+[3<%

= tan (a+ B —n) = CotA

a(a+b+c)+\/b(a+b+c)
ac

= X+y+z=

+\/c(a+b+c) _(a+b+c)
ab abc

xyz = tan'x +tan'y +tan-'z=nx

__ tan2A

T 1-_cot?A

2

/\
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tan2A

= o+ p=n-tan"’ ( j G.E. = nindependent of A.
(C) If x <0, then % {cos "(2x?— 1)+ 2cos' X} =>x=c0s0, /2<O0 <
1 1
3 {cos "(2x? — 1) + 2cos™' x} = 3 {cos"(c0s20) + 2cos'x}

% {cos "(c0s20) + 2cos'x} = % {20+ 2n+20}=n

(D) sin’ 3 — cos™’ 12 + cos™ 16 = sin™’ 3 — sin™ S + cos™’ 16
5 13 65 5 13 65

312 5 4 16 : 16 16 T
——————p tcos' | —|=sin”"|—|+cos" | —|=—
513 13 5 65 65 65 2

EXERCISE # 2

1=

PART -1

For any x € R, we have x —x + J2 =2 anirrational number
= xRx for all x. So, R is reflexive.
R is not symmetric, because JV2R1but 1 R +/2 ,Ris not transitive also because +/2 R1 and

J2 1R2 2 but V2 R2/2

((m,n),(p,q)) € S

>m+qg=n+p

((p.9), (r,s)) € S =>pts=r+q
= ((r,s), (m,n)) s

asr+n=m+s

Now if we add above equation

((m,n), (p.9)) es=m+qg=n+p

= (n+p)=m+q & hence ((P,q), (m,n))

R,:m+4n=5n+(m—-n)

R, :m+9n=10n +(m —n)

If 5n + (m — n) is divisible by 5 then 10n + (m — n) is also divisible by 5 and vice versa.
hence R, =R,

Also R, & R, is symmetric relation on Z.

(x, y)eX & x<yandy=x+5 = (x, x) ¢ X, Hence not reflective
If (x, y)eX = x<yandy=x+5

(y, x)eX = Xis not symmetric

Let (x, y)eX and (y, z)eX = x<y;y=x+5andy<zz=y+5

= x<zandz=x+10 = (x, z)eX

Not transitive

/\
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Relations, Functions & Inverse Trigonometric Functions “_

3‘
2 :/
5.xa 1 .é/
' /
0 1 2 3
1+1+1=3

the equation becomes [x] +{x+%} J{X+§} -9

Let n<x<n+1, then[x]=n, {x+%} =norn+1, {x+§}=norn+1

x] + {x+%}+ {x+§} =3n,3n+1,3n+2

the only possible caseis3n=9 i.e. n=3

3<x<4 3£x+1<4and3sx+g<4 i.e. 3SX<E
2 3 3
a=3’ b:m
3
7. f(x) = {x} x 100
f(~/3) = {+/3 }x 100
[f(3)] = [73.2-——] = 73
8. x2—10x + 25sgn (x> + 4x — 32) <0 =
x2-10x+25<0 when (x+8)(x-4)>0 or xe(-o -8)u(4, =)
x2-10x—-25<0 when (x+8)(x—4)<0 or xe (-8, 4)
x> —10x <0 when (x+8)(x—4)=0 or xe{4, -8}

total solutions=-2,-1,0,1,2,3,4,5

9.m [x+[2x]]<3
[X] +[2x] <3

True for
. .
2 -
32 /
X < 1 1/2
< 192 1 32 >
N\
10. (i) Xt +Bx—6>0=  xe[2 3]
and
i) 2{<1 - < %

= Xe|:2, gju{B}
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Relations, Functions & Inverse Trigonometric Functions “_

1 1
11. f (x) = log,,, (—Iog2 [1+WJ—1J = —log, (”Wj -1>0

1 1 1 1 1
= —oo<logz(1+x17j<—1:>0<1+X1T<E :>—1<X1T<—E

= x € ¢ (null set) = X €
12. q?-4pr=0,p>0 = f(x)=log (px®+ (p+q) X2+ (qQ+r)x+r)

Let  g(x)=px+(p+q)x®+(q+r)x+r = g(x)=(x+1) (px*+agx +r)
Discriminant of px2+ gx +risgq2—4pr=0

2
Domain (x+ 1) (px2+gx+r)>0 = p(x+1)[x+2iJ >0
p
. & and x> -1 X e R=[(=0, ~1] U -3
2p 2p
13, f)= X W
1+x-[x]  1+{x} 1+{x}
{x} e[0,1) = f(x)e{o,%j
X _ oI
145 f(x)= - _
e* +eM
X _ A—X
if x>0, f(x)=e € = 1_ L = 1 1—% ;f(x)e{o,lj ........ (i)
2e* 2 2(e") 2 (e*) 2
1
f(x 0,—
00 <03 )
X _ X
ifx<0 f(X)=——S =0 ... (ii)
e*+e*
. range of f(x) is (i) v (ii) ={0,%}
15.=» Here (2 - log, (16 sin’x + 1) >0 = 0 <16 sin?x + 1< 4
%gsin2x<% = 1< 16 sin’x +1<4 = 0 < log, (16 sin?2x + 1) < 2
= 2>2-log, (16 sin?x + 1) > 0
= IogﬁZZIogﬁ (2 —log, (16 sin?x + 1)) > — o = 2>y >—

Hence range is y € (— o, 2]

16.  (A) Vl+sinx =

. X X
sin—+ cos—
2 2

. X X . . .
smE + cos 5 non-identical function

X2

(B) x, Non-identical function

x

€  Vx®=k,xeR
2

(& ) =x, x € R*U {0} non-identical function

(D) xt+nx2=5/nx,x>0
50x,x>0 identical function
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Relations, Functions & Inverse Trigonometric Functions

17.

18.

19.%n

20.=

21,

22,

23.

24,

/\

f(6{(x}? - 5{x} + 1) = f(Bx-12X-1) = Bix}-1)(2x-1)<0

or {x}e{%,%} XEU {n+%,n+%}

nel

f:(e,©) >R = f(x) = ¢n(¢n(4n x))
D:/n(/nx)>0 or nx>1 or X>e
R : (— o0, o) = one-one and onto function
f(x) = 2[x] + cos x ; f(x) = cos x x [0, 1)
=2+ cos X xe[1,2)
=4 + cos X X € [2, 3)
=6 + cos X x € [3, 4)
for x e [0, 1) f'(x) = —ve

x e[1, 2) f'(x) = —ve

X € [2, 3) f'(x) = —ve

X € [3, 4) f'(x) = + ve
= function is not one-one

if x € [0, 1) range : [1, cos 1)

x e[1, 2) range : [2 + cos 1, 2 + cos 2)
not onto function
f(2) =f(3"4) =0 many one
f(x) = —/3 . Into
fx)=|x=-1] f:R* >R ; g(x) = e*, g:[-1, ©) >R
fog(x) = flg(x)] = |e* — 1]
D : [-1, o) : R : [0, )
xe(2,4) = F} =1

2
o) = fx)=x-1 = y=x-1
= x=y+1 = f-1 (x)=x + 1

f:R >R, f(x) =x3+ax2+ bx+c

f'(x) = 3x2 + 2ax + b
D<O0 or 4a2 — 12b < 0 or a2 < 3b4

/

0 1
f:[1, )= [1, »)
f(x) = 2xx-1
X(x — 1) is strictly increasing in domain
f(x) = 2*-1 is one one & onto function so inverse is defined

Ox(x-1) =y — X2 —X = |092 y = X2 —X— |Og2 y= 0
1+ /1+4lo

—ve sign rejected as domain range of fnis [1, o)

0 = {1i1/’|+4logsz

2

/\

Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.) — 324005

®
RESDI’]BI’]CE Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

Educating for better tomorrow Toll Free : 1800 258 5555 | CIN : UB0302RJ2007PLC024029

ADVRFITF - 265




Relations, Functions & Inverse Trigonometric Functions “_

25x= f:N->N

Xx+1, x — Odd natural

fx) = x + (<1)-1=> f(x) = x-1, x — Even natural ' (x) = x+1, x — Odd natural
x-1, x — Even natural

f1(x) = x + (=1)"

26.» tan E+1cos‘1x +tan E—1c:os‘1x X # 0
4 2 4 2

let 6 = 1 cos™' x, 20 € [0, n] — I
2 2
_ T T _ 1+tan6 1-—tan6 1+tan®0)_ 2 2 2
=tan|—+0 |+tan|——0| = + =2 = = — ==
4 4 1-tan® 1+tan® 1—tan®@ | C€0S20 coscos 'x X

27 Cot_1{\/1—sinx +\/1+sinx} T

—<X<T
J1-sinx —/1+sinx | 2
Rationalize the term in the bracket

— i 2 —
= cot™ M =cot™ ﬂ =cot' |~tan>| = Z_tan[-tan> | = Zitantan>
—2sinx —sinx 2 2 2 2 2

. X T T T X
since=e|—=, =| = -+=
2 (4 2} 2 2

3

[ 1+x —
28. f(x) = sin™ [Z)(TJ + Jsin(sinx) +10g,., ., (X* + 1)

Domain: 3{x}+1#10r0 =  xgl and -1 X <4
2x
= —2x32 < 1 + x3 < 2x3/2 = 1+ x3+2x32>0 = (1 +x32)2>0
= x e R = 1+ x3-2x32<0
or (1-x%2)2<0 or 1-x¥=0 orx=1

Hence domain x € ¢

29. Clearly (B) also satisfies (i), (ii), (iii) but not (iv) but (A) satisfies all the condition

30.= ([cot'x] —3)2<0 = [cot™'x]=3

— 3<cot'x<4 = 3<cot'x<n<4
= —o< X<cot3

31, sin'sin5= 5-21r =X —4x—5+21<0 :>(X—(2—\/9—2n)) (X—(2+x/9—2n)) <0

= Xe(2—\/9—2ﬂ:,2+\/9—2ﬂ:)

. x> x3 2 x* X8 . X ~ X2 T
32. sin™'| X——+—....... +cos’' [ X ——+—+...|= =>sin|—| +cos!| ——— | = —
2 4 2 4 1+(x/2) 1+(x?/2) 2

2
2 _ 2 = 2X+x3=2x2+ x3
2+x  2+4x2

x=0,1 But s x>0

so x = 1is the only answer.
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Relations, Functions & Inverse Trigonometric Functions

33.=

34.

35.

36.

Given that cot-' (\/cosa, ) —tan-' (y/cosa )=x ... (i)
We know that, cot™" (v/cosa ) + tan-' ({/cosa. ) =g ...... (ii)

On adding equations (i) and (ii), we get

X
cot——1
2 cot' (vJcosa ) = g+ X = Jcosa = cot(£+ij = Jcosa = 2

4 2 1+coti
2
cosi—sini 1-tan® =
= Joosq =—2 2, 003a=1_3!nx = 2 =1—s!nx
Cos%+sin% 1+ sinx 1+tan2 & 1+ sinx

Applying componendo and dividendo rule, we get sin x = tan{%}

Given that, sin”'x = 2 sin”" o

Since,—E <sin'x < i = § T <2 sin™' a<—
2 2 2 2
= ~ Tesina<c X = Il <a<sin| Z
4 4 4 4
= —LSOLS— = [a] Si
2 2 V2

f(x) = cot™x  R*— (0, g} 1gx)=2x-x2 R>R

f(g(x)) = cot! (2x — x2), where x < (0, 2)& 2x — x2 e (0, 1] hence f(g(x)) e H g}

f(x) _ ecos‘1[sin[x+g]]

Domain -1 < sin|x4—=| <1+ Z<x += 3n = ngsﬁ
3 2 3 2 6 6
g(x) = o] (4—2003xj - 4-2cosx
3 3
1 n 5m
or COS X < — = xel|= ==
2 3°3
n 7w cos” [ ] cos‘{—tg}
Domain of h(x) : Xe|:§ ?} = h(x) = =e range of h(x) : [e™® | e7]

PART-II
Let  x=1+ffe(0,1)(asfx0)
Yo} f,I, 1+ farein H.P.
ie. T EAL L) A S
f+I+f

I I=+f2

/\
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Relations, Functions & Inverse Trigonometric Functions “_

o I=-tf=+L =  x=

V2 V2

so |a[3|=|(ﬁ+1)(2‘ﬁ”) =% — 49|ap| = 24.50
2. X—=x2—-62>0 = X2—7(x)+6<0
x=1)(x-6)<0 = x e[1,6]and sinx + cosx >0 = {1%} U{Z—E,G}
3= x+1=2 = 2$x+1<3 = Esx<E
2 2 2 2
2
4 f(X)=(X2+X+2)(X+1);XGR—{0}
(XT+x+1)(x+1)
2
f(X)=X2+—X+2;XeR—{0, —1)
X“+x+1
X2 +X+2
= ————=>-1)e¢+(y-1)x+y-2=0
X“+x+1
y=1, D=0
(y=12-4(y-1)(y-2)=0=1<y<7/3at x=0wegety=2
x=0y=2
X2 +X+2 7
&y=2=2= 2—:x(x+ 1)=0 =x=0,-1butx=0, -1 soy =2 Range (1,—} —{2}.
X< +X+1 3
| sin2x | 0<x< =  0<2x<m =  0<sin2x<1
0 T ex<n
5. f(x)= 4
|—Sin2X|TCSX<7TC = 2n<2x<3n = 0 <|-sin2x| <1
0 ﬂSX£27‘c
2
so range [0, 1].
6. f & g are 2 distinct functions [-1, 1] — [0, 2] onto functions

Sof & g are either x+ 1 orx + 1

Case-l: f(x) = —x + 1 ; gx)=x+1
1_1=x%
hoo= 0= 12X gy = —exa i
a(x) 1+x 1+1—x
1+ X
x—1
x—1 =1
h(1/x) = =—— ; h(h(1/x)] = —X+2 = —
xX+1 1 x-1 x
+7
X +1
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Relations, Functions & Inverse Trigonometric Functions

Case-ll: f(x) =1 +x

h(h(1/x)) = - x

h(h(x)) + h[h(ln‘ =
X

[x + 1/x| > 2 as domain does not contain point x = £ 1

; gx)=1-x
1+::+—X
=___1=X -_ _
I
1-x

h(h(x)) + h[h(;n‘ =[x = 1/x| = (x + 1/x) > 2

7. a(x) = X—_1 and h(x)=x = f(x).g(x). h(x)=-1.
X

8. f(—x) = —[ax” + bx® + cx] - 5 ; f(-x) = = [f(x) + 5] -5
f(x)=-f(x)==10 put x=7 (x=7)
f(7)=-17 SO f(7) + 17 cosx = — 17 (cos x — 1) € [-34, 0]

4a-7

9. f(x) = x3+(@-3)x2+x+5 = fi(x)=(4a—-7)x2+2(@a—3)x + 1
D<Oforallx e R = xeRD<O0
4@-32 -4((4a-7)<0 = a2+9-6a-4a+7<0
a?-10a+16<0 = (@a-8)(@-2)<0
or ae[2 8] = f'(x) is always +ve for a € [2, 8]

10.
1 J e
1/e
/2 n
Period of e " is n
and that of tan2x is n/2
so number of solutions in (0, «t) is 2
Number of solutions in [0, =] is 2
so number of solution in [0, 107] = 20
11. f(x) = ([a]?> -5[a] + 4) x* — (6{a}> — 5{a} + 1) x — tan x(sgn x)
x>0
f(x) = ([a]> -5[a] + 4) x® — (6{a}>* — 5{a} + 1) x —tan x
x<0

f(x) = ([a]* -5[a] + 4) x* - (6{a}* — 5{a} + 1) x + tan x
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Relations, Functions & Inverse Trigonometric Functions “_

12,

13.»

Given that function is even function V x € R

So fx)-f(x)=0vneR
2x3 ([a]? — 5[a] + 4) —2x (B6{a}*—5{a} + 1) =0

So this equation should be independent from x
coff. of x® & x will be zero.
[a]?-5[a]+4=0 ; 6{a}>-5{a}+1=0
[a]=1,4 ; {a} =1/2,1/3
a=1+1/2,4+1/2,1+1/3,4+1/3=3/2,9/2, 4/3, 13/3
Sum=3/2+9/2+4/3+13/3=6+ 17/3 =35/3

21 X
22 y
23 z
case-] case-II case-]Il
f(21) = x T F F
f(22) = x F T F
f(23) =y F F T

case-1 f(22)=x,f(23)=y
then f(21) = x is not true
case-1I f(23) =y, f(22) = z, f(21) = x

not possible
case-III f(22) = x, f(23) =z, f(21) =y
f-1(x)=22
1-Xx
f(x) = > f'(x) =0 atx=1%+2
1+X

for xe [—\/E +1,1+ \/ﬂ f is bijective function hence f is invertible.
1-x

1+ x2 i
or Xy +x+(y-1)=0

1-42

. 1+ [1=4y(y—1) _ -1+ 4y —4y? +1
2y 2y

or

—1++/4x —4x% +1

f1(x) = o , x=0
1 , x=0 asf(1)=0

/\
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Relations, Functions & Inverse Trigonometric Functions “_

3
14m X1 20 3ok 7

2

3
Let f(x) = X2+1 = f(x) = ¥2x-1
Equation becomes f(x) = f-"(x)

_ x3+1_ _

= f(x)=x = 5 =X = X2-2x+1=0
= (x=1)(C+x=1)=0 ~  x=1, _1+;J§
Allter :
Let y = 32x -1 = y—2x+1=0 andx*-2y+1=0
= (yP-2x+1)-(x*-2y+1)=0 = (y=x)(y2+xy+x2+2)=0
= y=xory’+xy+x2+2=0 = y=x or(X+yP+x2+y2+4=0
Puttingy =xiny = 32x—1, we get y = x
x3-2x+1=0

15 _, 15

Which yields the values x = 1, > T

15.» cos'x+cos'y +cos'z=n
-1<x,y,z<1
let x=cosA,y=cosB,z=cosC
where 0<A,B,C<n
A+B+C=n

X2+ y? + 72 + 2xyz = cos?A + cos?B + cos?C + 2 cos A cos B cos C

= Z(%j +200$AcosBcosC=%+ % (-1—4 cosAcosBcosC)+2cosAcosBcosC=1

16. Case-l: x>0
Letcot'x=0

ee(o,ﬁ} = X =cot 0
2
— 1 L 1 o
sin 06 = = sin~' sin 6 = sin™" = 0 = sin™’
14 x? 14 x? 14 x?
Case-ll : x<0
Letcot'x=0
ee(ﬁ,nj = cot 0 =x
2
. 1 . . . 1 .
sin 0 = = sin'sinf=sin”! — = =w—0=sin"’
1+ x2 1+ x2 1+ x2
= 0 =mn—sin"’ !
\/1+x2
Therefore,

Reg. & Corp. Office : CG Tower, A-46 & 52, IPIA, Near City Mall, Jhalawar Road, Kota (Raj.) — 324005

®
/\ QESDI’]BI’]CE Website : www.resonance.ac.in | E-mail : contact@resonance.ac.in

Educating for better tomorrow Toll Free : 1800 258 5555 | CIN : US0302RJ2007PLC024029

ADVRFITF - 271 ‘




Relations, Functions & Inverse Trigonometric Functions “_

cos tan~" sin sin~' ——" Jif x>0
1+ x2 1
LHS = = cos tan™' sin sin™’ = ; X € R = cos tan
cos tan™" sin| 7—sin"'—— L if x<0 T+x
V1+x?
1
1+ X2
Let ¢ =tan™’
1+ X
2
As ;e(o, 1] ¢e(0,£} oo tan g = ! .. COS ¢ = 1+X2
V1+x2 4 1+ x? 2+x
17. cot’ n,r = —oo<ﬂ<cotE
n 6 b1 6
n < /3 neN , n_ =5
1 \/1’x2
18. X
2 2 10
sec tan™ AI=X = sec tan™ - 4 =1 f(1j=2+3+ ....... +10=54
2x X X = \r
19, sin[ 230207
5+4cos26 2
; 2
Taking sin on both side —>020_ = 1 =, 35in20 = 5 + 4 00820 = A0 5 4 4/ 1-1a0 0
5+4cos20 1+tan“ 0 1+tan“ 6
tan’0 —6tan6+9=0 = tan6 = 3
20.». Given equation is |cos x| = sin™" (sin Xx) —T<XS<T
2T L.
w y =sin” sin x
Y y = lcos X
T 2
Number of solution = 2
21.m  sin'x + cos' (1 —x) =sin™ (- x)
2sin'x+cos' (1-x)=0 here x<[0,1]

for xe[0,1 2sin"  xe[0, ] and cos(1-x) e {0, ﬂ

There sum is equal to zero when both terms equal to zero it gives x = 0 is only solution.
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Relations, Functions & Inverse Trigonometric Functions “_

k

k
2.n Zr3 _ kk+1) = cot'| 1+ 2 ZrS —coti = cot-'(k + 1) — cot-'k
2 - 1rk(k+1)

r=1

2 1& k (1Y /4 1
; ;;cot1{1+2/;r3J :Z;[ZJ =1_— =3

1
4
PART -l
1. Obviously
2, n Rm = nis factor of m
(i) Ris reflexive (ii) R is not symmetric because % = K but % N (iii) R is transitive.
3. [2-x]+2[x-1]=0
= 2+ [x]+2[x]-2>0
2x]+[x]=0
case-l:xel then2I-1>0
= >0
SO xe{0,1,2,3...} (1)
case-1l :x I then I-12>0
= 121 = 1=1,2,3....
SO xe(1,2)u((2,3)u(3,4) ... 2)

by (1) & (2)
x € {0} U1, o)

4 [%J{x}> (%jwz _ {X}<%
solutions are x = = x=2+i x=E
) R 2
5. X]<3 = X € (—o0, 4)
xX]<4 = X € (-0, 4)
x]>3 = X € (4, )
X124 = X € (4, «)
X +[x]20= [x]+[x]=0 = Xez
Xp+{x}<0{x}+{x}=0 = Xez
Hence (C)
sgn (x2+ 1)>0 —~  xeR
X2+ 7x+43>0 = x e R
Hence (D)
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Relations, Functions & Inverse Trigonometric Functions “_

6.x

10.

1.

2e W =x+1

N T
-1<a<0<B<y=1 = oapy<0 & a+pB+y>0.
sgn(x?—6x +p)=q
Ifq=0,s=2 = X2 —6x + p = 0 has 2 distinct real roots.
fqg=0,s=0 = X2 —6x + p = 0 has imaginary roots.

sgn(x*—6x +p) =q

= xel = x] =
= 3x—4x|=4 = X|=4 = X=*4
SumP =0

Product Q =-16

[4 2
f(x)=sin|og( 4-x }
—X
2
4-x2>00r x (-2, 2)and Y4=X" 5
D:(-2,1)
R:[-1, 1]
(i) f(x) = Vx—-1 +2 {/3-x
D:x-1>0 & 3—-x>0 = x e[1,3]
1 7
Range: f'(x)= = or ff(x)=0atx= —
ge: f/(x) JT N (x) 5
74 7t . 7
ffl—|>0 — maxima atx= — ; Range : | V2, /10
[2cosx] +[sinx]=-3
—2<2C0sX<2=> [2cosx]=2,1,-1,-2
—1<sinx<1 = [sinx]=1,0,-1
Equation holds true for [2 cos x] = — 2 and [sin x] = —1
= —1SCosx<—% and —1<sinx<0
== X e E,ﬂ and X € (m, 2m) = X € n,ﬂ
3 3 3
f(x) = sinx + /3 cos x
T
f(x)=2sin | x+—
®=2sin (x+7 ]
ﬂ<X+£<ﬂ = —1<sin X+£ <—£ = —2<2sin X+E <—\/§
3 3 3 3 2 3

Hence range is [—2, - \/ﬂ

/\
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12. DomainD e [-1, 1]
1
-1
A fxy= @y X0 many -one
1 x=0
y
/
/4 ........... ’
-1
0 1 X
/4
/
(B) gx)=x° one - one
=
0o 1
(C) h(x) = sin 2x many - one
1 —
0 2
: -1
(D) k(x) = sin (R—ZXJ one-one function
13. f(x)=(x*-x) Q(x) +ax>+bx + c
f(0)=1=c
fl)=a+b+c=3
f-1)=a-b+tc=-1 = a=0,b=2c=1 > g(x) =2x + 1
T /
-1 o1 2 3 >
14.
f:[2, ©) > Y
f(x) =x2-4x +5
f(x) = (x —2)2 +1
For given domain by graph range is [1, «)
For function to be onto codomain y = [1, «)
—1xi
15. f(x) = X=hx I,S even, which is clearly are one-one and onto.
x+1, x is odd
16. (A) f(x)=e2mx=x, D:x>0
g(x) = Jx,D:x>0
(B)  tan (tan x) D:x¢i(2n+1)g&tanx¢i(2n+1)g
cot (cot x) D:x#xnn&cotx=znn
(C) f(x) = cos?x + sin*x = cos?x + (1 — cos?x)? = 1 — c0s?X + COS*X = sin2x + cos*X
g(x) = sin?x + cos*x
(D) f(x)=m, D:x#0 = g(x) = sgn (x), D:xeR
X
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Relations, Functions & Inverse Trigonometric Functions “_

17.

18.

19.

20.

21.

22.»

a* -1

f(x) = — f(x) = f(—x
(x) @) (x) = f(—x)
1-a* _ar-1 _ _ 1
= = (=x)"=-x" = n=-—
(=x)"(1+a*) x"(@* +1) 3
y =f(x)
y=x"
: iy=x—1
y = [f(x)l
X2 +(x+2°  x<-1 22 +4x+4  x<-1
y = |f(x)] + f(x + 2) = X2 +(—x—-1) -1<x<1 ; y = [f(x)] + f(x + 2) = x2-x-1 —1<x<1
X—1-x-1 x>1 -2 x>1
0 x=0
f(—x) = { —x®sin (%) xe (-11)-{0} =-f(x) odd function
-x | x| [ x]|> |
_ X% +1 _ (—x)2+1
g(x) = x3 + tanx + 5 = g(=x) = (=x)® + tan(-x) + —

2
= g(—x) = =x® — tanx + {X P”}: g(x) + g(-x) =0
because g(x) is a odd function

2 2
(—x:* —tanx{X +1D+(—x3 —tanx+{X +1D=0
P P

2 2
— 2M=O:OSX+1<1
P P

NOWXG[—2,2]:0<§<1:P>5

-1, -1<x<0
f:R—->[-1,1] = f(x) = sin (g[x]j =10 , 0<x<1
1 , 1<x<£2

Many - one function into function
Also f(x + 4) = sin (g[x+4]j = sin (2n+g[x]j = sin (g[x]j = f(x) and hence periodic

2x(sinx + tanx)

2{"}1

T

if x = nm, f(nt) =0 if x # nx {‘—X} =_ [1+FD
T T

f(—x)

f(x) =

— f(x) odd function

f(0) = f(n) hence many one

/\
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23.

25,

26.

27.

(A)

(B)

(€)

(A)
(B)
(C)
(D)

sin(r[x])

f(x) = sinx + cosx
f (—x) = cos x — sin x nither odd nor even

f (x + m) = cos (sin (x + m)) + cos (cos (x + n)) = f (X + 1) = cos (sin x) + cos (cos x) = f(x)

f (x+gj = cos [sin[x+gn + cos [COS[X +%D = cos (cos x) + cos (sin x) = f(x)

fundamental period =

1
~3sin1 /]\ 3sin 1

i
2

~n/2 /2

f(x) = cos (3 sin x), x e [-1,1]
-3<3sinx<3 = cos (3)<cos(3sinx)< 1
Range is [cos (3), 1] [cos (3), 1]

=0,x gl
{x}

By graph fundamental period is one

f(—x) = 0 = f(x) even function
Range y € {0}

y=sgn —1, xgl

{x} _
y=sgn | sgn——| (1)-1 = y=1-1
( \/{X}J
y=0, xegl Identical to f(x)

Clearly h(x) = 2a
so neither one-one nor onto

(A)  f(x)= ™6™ = ggc-ix, X € (=0, — 1] U (1, o)
g(x)=sec', X e (—wo, —1]U[1, ©) non-identical functions
(B) f(x)=tan (tan"'x) =x,x € R
g(x) = cot (cot™ x) = x, x € R identical functions
1 x>0 1 x>0
(C) fx)=sgn(x)= {0 x=0= g(xX)=sgn(sgnx)=<0 x=0 Identical functions
-1 x<0 -1 x<0
(D) f(x) = cot? x . cos? X, xeR-{nn}, nel
g(x)=cot?x —cos?x = cot?x (1 —sin?x) = cot? X. cos?x
x e R—{n =}, n elldentical functions
. . o o 9 -
sin'x + sin“ly + sin"'z==>x=y=2z=1=x'"0+y'00 + z1°°—X101 +y101 S0 =0.

/\
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Relations, Functions & Inverse Trigonometric Functions “_

. 1
28. X = cosec tan-' cos cot-' sec sin-' a = co sec tan-' cos cot-{
1-a

= cosec Jtan”’ ! = /3-a?
V2 -a?

. : . 1
again y = sec cot-' sin tan-' cosec cos™' a =y = sec cot-' sin tan-! (—2
a

= sec cot™'’ ! = J(3-a%) => x =y =+v3-2a°
V2-a?
29. X2—x—-2>0 oasatisfiesit= 0?-a-2>0 = (a-2)(a+1)>0 = a<-—-1ora>2

so C & D are correct.
30. f(x) = /n (sin-'(log,x)) Domain 0 < log,x < 1, x € (1, 2]Range (—oo,ﬂng}

31. f:[-1,11->[-1,1]
(A) f(x) = sin (sin-'x) =%, xe[-1,1] Bijective functiony € [-1, 1]

(B) f(x) = gSin_1 (Sin X) = g’ X e [—1, 1] Not bijeCtiVe y e |:__2,g:|
T T T

T
x , xe(01]
(C) f(x)(sgnx)(nen=410 , x=0
-X , xe[-10)
1
— 0 1
Not bijective
(D)
1
N,
5, x>0
f(X)=X3San = 0 , x=0
-x* , x<0
Not bijective
2
32. sin cot™" cos tan~' t = sin cot™ 1 = m

\/1+t2 ) \/2+t2
1+ 2t?
V2 + 22

similarly cos tan-' sin cot V2 t=
11+ 128
o = sincot ' costan~'t [1+2t° | _ V2 or2 oot _1+t? g1
J2 | costan~"sincot 'V2t| |\ 2+t V14212 2+1t2 2-t2
241+ 12

1
2 +2

;131— <1
2

e d
N
+
N
N| =
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Relations, Functions & Inverse Trigonometric Functions “_

[ 2 .
33 tan-' VX since 0 <x<1= tan-{ sin® j (letcos' x=00<9 < g)

1+ X 1+ cos0
= tan-' tan 2 9 cfo)=2=Teos1x  ...(1)
2 2 4) 2 2
0
also cos 0 = 2 cos? ri 1
0 1+ x . _ .
CosS —= - (taking cos~' on both side)
_ _ 06 _ | [1+x . 0 T
cos'cos= —=cos'|,— | since—e|0,—
2 2 2 4
= L cos-{ “—XJ ...(2)
2 2
_ .0 _ [1-x
similarly sin—= ,[——
2 2
sin-1 sin [ENEE S ...(3)
2 2 2
also— = tan-’ iR (4)
1—x
34.= Let 6 = cos'x
0+0-L Zoo<n B o N
- 3 3 2
f(x) = 6 + cos’ [COS[G_EJJ= =
0-0+~ 0<o<” I 1<t
3 3 3 2
T
i f(2/3) ==
(i) (2/3) 3
1 o1
ii f(1/3) = 2 cos™!' — — —
(i) (1/3) 3 3
X 4n £ 2
35. tan '"————— = lim {tan‘1 n+1) —tan™ n—12}
nzz; n* —2n% + 2 k—w;‘ ( ) ( )
= Iim{tan‘1(k+1)2+tan‘1k2—tan‘1‘|—tan‘10} =£+£—£—0=ﬂ
k—oo0 2 2 4 4

Also tan-'2 + tan-'3 = n + tan’ ﬁ .
1-3.2

: _ _ 3n 1 _3n
Sincexy=6>1= Tand sec (—«/5)—7
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Relations, Functions & Inverse Trigonometric Functions “_

1 1
36. tanx = —, ——
2 2
1
If tana=— = XxX=nnz*a nez

V2

37.= If-1<x<0,then- gs sin”x < 0. Also 0 <2 cot' (y2—-2y) <2n

- g< sin' x + 2 cot™ (y? - 2y) < 2=

there is no solution in this case.
thus x can not be negative ... (i)

Now if x >0, then 0 < sin~'x < i

N

= % <cot'(y2—-2y)<mn

= y2—2y<—1

== y=1
since fory = 1, we have 2 cot™ (y? — 2y) = 2 cot" (1) = %
sincix= = i.e. x=1
2
the solutionisx =1,y =1
PART - IV

1.a Number of one-one functions = 0

2w Total number of function = 3% = 243
Number of into function = 3 + 3(2°-2) = 93
total number of onto function = 243 — 93 = 150

3m = g(6) <g(7) < 9(8)
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96) | g(7) | g(8) |No.ofmaps
11 [12345 5
2 | 2345 4
3 345 3
4 45 2
5 5 1
2 | 2 | 2345 4
3 345 3
4 45 2
5 5 1
3 345 3
3
4 45 2
5 1
5
4 [ 4 45 2
5 5 1
55 5 1
-
2
- 1
V2
5. Clearly © — x.
6. =tan' (t), t=-x e [-1, 1]
3n
EREREREERRRREERE uuuunuuuuny:—
o
4 /
2r3n
4. _x
Toonnnnnngfnaannnn Y = >
t
-1 1
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EXERCISE # 3

PART -1
fx)=x2;g(x)=sinx = gof (x) = sin x? = gogof (x) = sin (sin x?)
= (fogogof) (x) = (sin (sin x? ))?= sin? (sin x?)
Now  sin? (sin x2) = sin (sin x?) = sin (sin x?) =0, 1
= sin X2 = nr, (4n+1)g ; mel = sinx2=0
= X2 =nm = Xx=x+nn ;neW
in@ sin® df
2. tan~'| —302_ |= gjn-1 . f(e)=tand .. =1
[\/00326 cos 6 ©) dtan®
3. 0 2 _3 .

F: [0, 3] > [1, 29]
f(x)=2x3—15x2+ 36 x + 1
fi(x) = 6x2—30x + 36 = 6(x*—5x + 6) = 6(x — 2) (x — 3)
in given domain function has local maxima, it is many-one
Nowat x=0 f(0)=1

x=2 f(2)=16-60+72+1=29

x=3 f(3)=54 —135+ 108 +1 =163 — 135 =28
Has range = [1, 29]

Hence given function is onto

4*, cos40 =% = 2c0s%20 — 1= %: c0s?20 §= = c0s20 = i\/g

Now f(cos46) = 2 =1+C0329 =1+ 1 =f 1 =1z 3
2—sec’®  C0s20 cos 20 3 2
23
5. cot Z:cot‘1 (1+2+4+6+....+2n) = cot Ycot'(1 + n(n + 1))
n=1
n+1)=n 23
cot ¥ tan™' (n+1)-n = cot Z(tan‘1(n+1)—tan‘1n)
1+n(n+1) —
cot(tan'24 —tan'1) = cot [ tan-1 24~ = oot | cot 122 | =22
1+24 23 23
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1/2

2
1 (cos(tan‘1 y)+ysin(tan™’ y)J Lyt

P -
) y2 | cot(sin”"y)+tan(sin”"y)

i 72 1+
1 Y.y Y ’
[ 2+ [ 2
1 1+y 1+y 4

= | — +y 1
I i-y? LY
y 1_y2
y 1
1 1/2 _
1—
=[—2-y2(1—y4)+y4J =1 g
y
Ans. 4
(Q) COS X + COS Yy = — COS Z
sinx +siny =-sinz square and add

2+2cos(x—y)=1

= cos (x —y)=-1/2

= 2cos? (%}— 1=-1/2, = cos (%}= 12

(R) COS 2Xx [cos(%— xj —cos(%+ XJJ + 2 sin? X = 2 sin X Cos X
COos 2x (sin x) + 2 sin?x = 2 sin X cos X = \/Esinx[c032x+ J2 sinx =2 cosx]=0
Eithersinx=0 OR C0s?X — sin? X = (cos X — sin X)

OR cosx=sinx = secx =2

(S)  cot(sin"') = sin (tan-'(x +/6))

J1-x2 1\ xv/6 i 16x
X 1

X x\/6

\/1 —x? \/1 +6x°
_[5 1 \/E
X=,— == ,|=
12 2 \3
(i) f(—x) = —f(x) so it is odd function

1
(secx+tanx)

=1+6x2=6-6x2 = 12x2=5

(i) f'(x) = 3(log(secx + tanx))? (secx tanx + sec?x) > 0

(iii) Range of f(x) is R as f(—gj o> -0 f(gj =

/\
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8. f(x)=(sin)x < [0, 47] & f(x) = %X 0

O, n)

(0,1
‘ 2 (100) F—0u

so, 3 solution.

9w o = 3sin™ E > 3sin~’ E and B = 3cos™ i> 3cos™ 4
11 12 9 8

= 0c>E & B>n = oc+[3>%
2 2
(oo © i\ (oo i 0 \
10.  sin™ x*1 - x (ij =" _cos™ (—ij - —x)
(272G e e 2 o) 2
X s
x2_X§=x+2x2_x2_x_x
T-x 4 X T+x X 1-x 2-x 1+Xx 2+X
2
x? X x2 X

1—x_1+x=2—x_2+x

X(1+x)=(1=x) _ 2x+x* -2+Xx

orx=20
1-x2 4-x*

X +2x-1_ x*+3x-2
1-x2 4 x?

=x3+2x3+5x—-2=0

Let f(x) = x° + 2x° + 5x — 2

f'(x)>0
f(0) = —2 and f(1/2) = 9/8 so one root in (0, %j = 2 roots

1M1= nX)=5
nY)=7
o — Number of one-one function Xto Y = "Cs x 5! = 21 x 120 = 2520
B — Number of onto function Y to X

1,1,1,1,3 1,1,1,2,2
7! | 7!

341 T (213

x5l =("C3+3.7C3) 5l =4 x 'Cy x 5

B;—'O‘ =4x'C3-"Cs=4x35-21=119
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12. Eq: 7 >0 = X € (=0, 0) U (1, )
X_
E> —1<£n(ijs1 = 1SLSe :>1£1+L£e
X — e X- e x-1
P N (x—1)e(_oo,i U L,ooj
e x-1 -e e—1
SrEINE=t
X e | -0, — |u| —,
e—1 e-1
Now —— e (0, @)= {1}V x e E; =  n (L] € (=, ) — {0}
x—1 x-1
( ( X )\ T T
.1
n|— -—,—| -{0
sin L x—1Je{ 22} {0}
10
13. Evaluate sec™’ il sec 7—7T+k—7t sec E+(k+1)£
4 &~ 12 12 12 2
10
. _ 4 1 (7n knj (7n knj
Givenexp= sec™'|—— » sec| —+— |cosec| — +—
4 &~ 12 12 12 2
10 10 10
= sec”’! —1Z; = sec”’ y WA sec‘{—z 1k+1J =sec' (1)=0
= sin(nt T knj 2{3 (~)'sin " ko (=1)
6 6
PART -1l
1. (x,x) e Rforw =1
R is reflexive

If x= 0, then (0, x) € Rforw =0 but (x, 0) ¢ R for any w
R is not symmetric = R is not equivalence relation

(m, BjeS:qm= pn = m_p
n q n q
(i) UL m:> (m, EJ €S= Reflexive
n n n n
(i) m-P = P — = symmetric
n q q
(iii) M_Poang P = X o Mo X pansitive = Sis equivalence relation
n q q y n.y
2w Statement-1:
(i) x —Xx is aninteger V x € R so A is reflexive relation.
(i) y—-xel = x—y el soAissymmetric relation.

(iii) y—-xeland z—-yel = y—-x+z-yel
= z-—Xx el so Ais transitive relation.
Therefore A is equivalence relation.

Statement - 2 :
(i) x = ax when a =1 = B is reflexive relation
(i) forx=0andy =2, we have 0= o(2) fora=0
But 2 = a(0) for no a
so B is not symmetric so not equivalence.
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3.a  forreflexive: (A, A) e R=A=P'AP
which is true for P =1

reflexive
for symmetry: As (A, B) € R for matrix P

A=P'BP = PA=PP'BP = PAP-" = IBPP-
= PAP-' = |BI = PAP-'=B = B = PAP-
(B, A)e R for matrix P~
R is symmetric
for transitivity
A=P'BPand B =P-'CP = A =P (P'CP)P
A = (P12 CP?
= A = (P2 C(P?)
(A, C) e R for matrix P?

R is transitive

U

so R is equivalence

4, f(x) = I = [x|—-x>0 = | x|>x = x< 0

Jxl=x
X € (—0,0) Ans.
5. fx)=(x=12+1,x>1
f:[1, ©) > [1, ©)is a bijective function = y= (x—-1)?+1 = x-12=y—-1=>x=14% \/ﬁ = f-(y)
=1z \/ﬁ = f-'(x)=1+ x=1 {.. x> 1} so statement-2 is correct
Now f(x) = f'(x) = fX)=x= (x=12+1=x= x2-3x+2=0= x=1, 2so statement-1 is correct
6.= 2y =x+z=2tan'y=tan” x + tan™' (z) tan™" [%} = tan™’ (mJ

X+z _ X+z

= —>yi=xzorx+z=0=>x=y=2z
1-xz

7. If f(x) & g(x) are inverse of each other then, g'(f(x)) =

00 gf(x) =1+x°

Here x =g(y) = g'(y) =1+ [g(y)P= g'(x) = 1 + {g(x)P

8. _—1<x<ix=tane

B0

%‘ <6<%tan-1y=6+tan-1tan26=9+29=39

3tan0-tan® 0 y=3x—x3
1-3tan’ 0 1-3x%

y=tan 30 =
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Relations, Functions & Inverse Trigonometric Functions “_

f(x) + 2{1} = 3x

X

S : f(x) = f(—x)
f(x) + Zf(lj =3 .. (1)
X

X —> f(lj + 2f(x) = 3
X

X

(1)—2 % (2) =3f(x) = 3x — ;f(x) = %—x
Now f(x) = f(—x)

4
2 _y=24xx=2x
X X
2
;=x =x=%42
Exactly two elements
10. —-1<a-5>1
4<a<6
4<b<6
|« o
AA/
1 1 1
4 6
AcB
2 2
(a-6) +(b_5) =1 It passes through (4, 6) = . S
3?2 e 36 36

1 2 1 3 T 3
1. cos | —|+cos | —|[=— | xX>—
3x 4x 2 4

a2 3 4 9 T
Cos | —x—— [1-——5 1-——>0 |=—
3x 4x 9x 16x 2

2 2
_ VOx*-4V16x° -9

1
— 6 = V9x* —416x* -9
2x? 12x? v v

square both side 36 = 144x* — 81x* — 64x° + 36

= 144x* = 145x°

2
N o= 145x N N \/145, 0
144 12
x>§ hencex=—“145
4 12
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Relations, Functions & Inverse Trigonometric Functions “_

12m 5 (Jo(f4(x))) = fa(x)

-1
- x -1
= J(x) = =
1_1 1-x
X
= J(x) = f5 (x)
& 4 n+1-n » > 1 1 o1
13.  cot ) tan'|———— | =cot(tan 20 —tan"" 1) = = _21
"Zﬂ: [1+n(n+1)J ( ) tan(tan‘120—tan‘11) - 20-1 19
1+(20).1

19 n 19
Aliter : cot Z{cot‘1(1 + ZZpB = cot 2cot‘1(1 +2)(2+3+4...n)]

n=1 p=1 n=1

19 19
= cot Z(cot‘1(1+n(n +1)) = cot Z:(cot‘1(n2 +n+1)
n=1

= n=1

14.= k={4,8,12, 16, 20}
f(k) can take values from set {3, 6, 9, 12,15,18} this can be done is 605 x5! ways. = 6! ways

and options for remaining 15 elements of A = 15!

15. A= {2(x+2)(x2—5x+6) =1;X e ]}; B= {_3 <2x—-1<9 X € I}

A={-223;B={0, 1,2 3,4}
n(A x B) = 15

Number of subsets = 2"°

16.  f(x) = /n (1‘—"}

1+ x
1 2x 2
- 2 2 _ _ _
(2% ) oo | x| o[ IEXT2x ) X, (X = 2f(x)
1+ x2 142X 1+ x2 +2x 1+ X 1+ X
t 2
1+ x

17. tana = i
3

4 1
1 3 3 9 . 9
tanpf= —=tan —-B)=—=——— = _=snoa-pB)= —
3 3

= B sin™’ 9
o — - —_—
5410
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Relations, Functions & Inverse Trigonometric Functions “_

18. 2y =|cot™

2
\/gcosx+sinxﬁ

cosx—\/gsinx

2y = cot™| X2 T2
1—\/§tanx

el |
oo (3] -3
el

\/§+ tanx Bz

_(a*+a™* _[a¥-a* _ N sy - 1
19. f1(X)— (TJ:fZ(X)_ ( 5 J SOf1(X+y)+f1(X—y)— E|:a +ax—+y+a +ax—_y

X y
Lx.au L +a—+a—} = L@+ a?) (@ + &) = 2600 f1(y)

20. = _ = gax 1)
y 82X+8 2x 1_y 8—2)( 1_y
Tty 1 1+y | ¢ 1 14X
4x =logg| —= | x =—logg| —= | f1(x)=—logs| —
98( ~ j 2 98(1 j (x) 7 8(1_)()
; xe(12)
21, fx) | X241
x2+1; x €[2,3)
f(x) is a decreasing function
2 1 6 4
ye — A |V -y
52 105
2 1 3 4
= ye|—,— |V |=,—
52 55
14 sin ‘I—cos(g+xj 23in2(2+;j
22, f'(x) = tan™" (secx + tanx) = tan™" ( +S Xj=tan‘1 - tan”!
COS X (r (1 x f—
sinf — +x 2sin| —+ —|cos| —+ —
(2 j (4 2} (4 2}
-1 s X T X T X T X2 T X2
=tan tan| =+ —||= =+ = (f'(x))dx=_+_de(X)=_X+—+Cf(0)=C=O:>f(X)=_X+_
1
Sof(1)= 17
(1) 2
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HIGH LEVEL PROBLEMS (HLP)

Case-1 Whenx e1

{=}=0 =
Case-2 Whenx ¢ 1
{xt=1-{x}

X = 3x = x=0¢€el

[X] +2 = 2{x} = 3[x] + 3 {x}

{x}=ﬂ €[0,1) = 0<2-2[x]<5 :—%<[x]s1:> x]=-1,0,1
for[x]=-1
{x}=i = X==—= ¢l
5
for[x]=0
=2 =2
{x}—5 = X 5 g1
for [x] =1 {x}=0
x=1el, so regect
2x+3[x]—4{x}=4
= 2x+3[x] -4 (x—-[x]) =4 = 2x+3[x]+4x+4[x]=4
Case-l : If xel = 2x +3x +4x —4x =4
= 5x=4 = X = iel
5
Case-ll : If xegl = [-X]=—-[x]-1
= 2x+3[x]+4x-4[x]-4=4 = 6x—[x]=8
= 6x=[x]+8 ... (i)
= - _8-5[x]
= 6[x] + 6{x}=[x] + 8 = 6{x} =8 —5[x] = {x} 5
= Osw<1 = 0<8-5x]<6
= -8<-5[x]<-2 = §<[x]<§ = [x] =1
: _ _3
by (i) 6x =9 x—E

Case-l x< 1
2

—2x+1=3[x]+ 2{x}
1

=>X= —
4

Case-ll X>—
2x — 1= 3[x] + 2{x}
= 2[x] + 2{x} =1 =3 [x] + 2 {x}
x]=-1
= Xeod
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Relations, Functions & Inverse Trigonometric Functions “_

4,

X] ==x2+4x-3 =-(x=1)(x=3)

N
24 *—o0
14
« 27 v 2 \a 5
0
G——) _3
4
No solution

Product of {x —%} {x +%} is prime when one of them is 1 or —1 and other is prime or negative of

prime
Case 1:
So,x——dl=1:1$x——1<2:>§$x<g ,
2 2 2 2
1 1
Now 2 <x +=— <3 .. |X +=— | = 2
2 2
Case 2:
X +—‘I =-1=>-1<x +—1<0:_—3£x<_—1,
2 2 2 2
1 1
Now -2 <x —-—— <-1 .. |[x —— | = -2
2 2
: : .| =3 -1 3 5
Other cases will not give any result Solutionis | ——, — | U |—=, —
2 2 2 2
[X]? + (x)’ < 4
if x eI, then [X] = (X) = x
x2<2 ie. -2 <x<i2 ie. x=-1,0,1
if x ¢ I, then (x) =1+ [X]
XP+(1+[x]p<4
i.e. 2[xP+2[x]-3<0
ie. —_2_@<[x]< 24428 ie. ‘1‘ﬁ<[x]< ~1447
4 4 2 2
i.e. x]=-1,0
Solution set is [-1, 1] A+u=0
Xio| X
9 11
99x 11x =9n

2 ={1} _{L} < (-1.1)
99 9 11

99 99 99
el-—, = |=>xe |0 —
(2 2j ( 2j

Here x e {1,2, 3, ..... 8} u{11,12, 13, 14, 15, ..... 17} U {22, 23, ....., 26} U {33, 34, 35} U {44}
total positive integers = 24

/\
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Relations, Functions & Inverse Trigonometric Functions “_

e[

If x > 15, then {—1—5} =-1
X

f(x) = — {%} so x e [15, 90) %e [1, 6)

f(x)=—1, -2, -3, -4, -5 and if x e (0, 15), then {%} 0

fx)=0
Hence f(x) € {5, 4, -3, -2, -1, 0}

HEE

x£0
(i) 3 =5=> 26[5,6]Xe|:1, E} But F}eo
| X | X 2 5 X
(ii) _i_=1: ie[1,2): xe(2,4= x=¢
| X | X
3 =4 = Ee[4,5):>(§, E}
| X | X 5 4

10.

X 4
e o) ex=(04]
= —e|—, 1l exe |l =
X 4 3
{3}2: —€[2,3)=> 16{2‘@
X X 3
=3 1e|:§,1j2Xe(1,i:|a=1,b=4,c=3
X 4
19 29 97
6 12 ' 24
Case-1x=1
1 1 1
-+ = —
I 21 3
i=1I=notpossible
21 3

Case-2x=I+f;fe(0, %j

1 1 1
—+ —=f+ —
I 21 3
i:f+1

21 3
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Relations, Functions & Inverse Trigonometric Functions “_

fe (0, %j 2(3f + 1) € (2, 5)

Ie g,g 1=2,3,4
5 2

[=2;1=3;1=4

f:i;f:l;f:i
12 6 24

4
1, 1,1 3+t 3+
[ 21+1 312141 3

1. {x+1}>x2-2x
{x} > x2 —2x
inx e (-1, 0)
{xX}=x+1
X+1>x2-2x

x2-3x-1<0 =

2

( 3}2 13 Xe[s ? ?J

3
—+
2

Hence x e (

3-413 ZJ_
o

\
/ S . >
T 1R N7 Z

12. 4x, 5[x], 6{x} are sides of a triangle

0 1 2
true for x > 1
x>0,[x]>0

x21

xg¢l hencex>?
Case-1 4x + 5[x] > 6{x} Case-2 [x] + 6{x} > 4x Case-3 4x + 6{x} > 5[x]
9x > 11{x} 5x + {x} > 4x 11{x} > x

{X}<%X forx > 1 x> =

X e ﬂ,Z U2,3 u§,4uﬂ,5u§,6 U e u@,‘lo
10 10 10 10 10 1
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13.  Case-l xe(v/2,/3) => =x2-2 =>x*-2x-1=0

one root lies between /2 to /3 because f(+/2 ) = — 1 = negative& f(+/3 ) = /3 =1 = positive
~ —©

_? /
14. 7Z;)—E)
—0

xe(—o0,—~/3] U [1,)

15.  [2x]1=|x=1]+ [x=3]

case-l xe O%J 0=4-2x =

X = 2(rejected)

case-Il xe 1=4-2x = X = g (rejected)

case-Ill xe 1%} 2=(x-1)+ (38 -x) = X e{lgj
case-IVxe %2} 3=(x—-1)+(3—-x) = 2 = 3 no solution
case-V x>2 [2x]=(x—1)+ (x—=23)

=

Hence set A is {1%}

2Jx — 1

case-l xeg[0, 1)

2x —4 =[2x]> 2x -1,
3

a:_

2

hence no solution for x > 2

- D(0d-(eIx-1
6

21-x)=0 =

+ X2 {x}

x = 1(rejected)

case-II xe[1, 2) 2x—-2=(x-1) = x=1
case-III xe[2, 3) 2x —2 =% +4(x —2)

=  2Xx-2=1+4x-8 = x=g
case-1V x2>3

Now LHS is a linear expression whose slope is 2. RHS consists of segement spanning unit length
along x whose slope is greater than or equal to 9. Morever at x = 3 LHS = 4 and RHS = 5, hence no
solution for x > 3 as LHS < RHS in this interval.

Hence set B is {1%} ,S0B =1

7
So A n B = {1}, sum of elements of B = 7
4 - 3x x <1
3 3 1
2x - 3|+ [x —1|=| 2-x 1<x<> = M=|2-2|=_
2 2 2
3
3x-4 x=—=
L 2
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16.

17.

Graphical Solution :
N

./
:
-t g

11 .; ; Hence A = {1, %j
<4—o0—+ i > X
113253
2 2 2

Hence B = {1, é}
2

Case -l xe (—x,0)
2

_ X —-5x-6 50 — (x+1)(x-6)
X +1 x—1

= xe (—0,—1] U (1,6] = xe (—0,—1]

<0

Case- Il : x =0 (which is sol)

Case- lll : xe (0,1)
2
X -5x+6 S0 (x=2)(x-3)
X +1 x—1
= Xe (—»0,1) U [2,3] = xe (0, 1)

<0

Case- IV : x = 1 (which is sol)
Case- V: xe (1,)
2
X —-5x+6 50 = (x—2)(x—3)20
X+1 X+1

= xe (-1,2] U [3,0)
= x € (1,2] U [3,)
From all cases we get xe (—0,—1] U [0,2] U [3,0)
2x—1 , 2x —1
f(x)= |-log d (|0923+XJ . For domain : Iogxz4 (Iog2 31 x j <0
2
Casel0< X %<1 o _4<x<-2 .. A

IA

2x -1 2x -1
then log, . 4 (Iog2 j 0 = log, >1
5 3+x 3+X

/\
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2x -1

= > 2 = X<-3 . B
3+X
= onANnB xe(4,-3) ... (i)
Case-I1 X+4 >1 or X>-2 A
2x —1 2x -1 2x -1
| lo < 0> 0<lo <1=1< <2
ng;4( 92 3+xj 92 3+x 3+x
= X € (4, ©) .......... (i)
o (i) w (i) Domain x € (—4, —3) U (4, ©)
18. f(x) = (x2=x®+ x4t —x+ 1)

Dr:x2—x°+xt—x+1>0

For x <0 it is obvious that for f(x) to be defined Dr > 0.

Forx >1, (x?—x° + (x* —x) + 1 is positive

Since x2>x%, x*>x. For0<x<1,Dr=x2+ (x*—x°)+(1-x)>0
Since x* > x% x < 1. Hence Dr > Oforall x e R

Domainis x e R

2a2—-a>0 =

19.  f(a)= v2a% —a for domain of f(x);

a e (—oo, 0]U|:%,OOJ. Letg(x)=x2+(@a+1)x+(a@a-1)=0

(i) D>0
(@+1)2-4a@-1)=0 = aeR (i)
i) —2<-L2 <1 S Ll
2A
= ae(-3,3) .....(ii)
(iii) g=2)>0 = 4-2@+1)+(@-1)>0 = a<i
(iv) g(1)>0=> 1+a+1+a-1>0 = a>-1/2
Now (i) n (i) n (iii) N (iv) we get Ans. : ae(—%, 0} u{
1
20. f(x) = 3
(]x|-1)cos™ (2x + 1) tan 3x
here —-1<2x+1<1=> -2<2x<0 = —-1<x<0 =
But x = —1 as x| =120
x € (-1, 0)

forx € (-1, 0), (x| = 1) is —ve

tan3x <0

O>3x>—g or

5

Domain : (—E, Oj N (-1,0)= (—E, OJ
6 6

a(2a-1)>0

3

x € [-1, 0)
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2. (i) Jlogyslog, (X -5)
Domain
(i) log,, log, ([X]?—5) = 0 or log, (X]?-5) < 1
or [x]? < 9or xel-3,4) .. (i)
(i) log, ([x]*-5)>0
or x]?-5>1
or Xe (-0 -2)U[3,©) .. (i)
(iii) xP-5>0
Xe (-0 2)Uu[3,© . (iii)
Now (i) m (i) m (iii)
= xe[-3,2)u [3,4)
i) fx) = [ x=1]1+[112-x|]-11
Case-] x>12
-— - —‘I
fx) = [X]-1+[x]-12-11 Y fx) 2([x]-12)
Now for f(x) to be defined [x] = 12 = X% [12,13) but x > 12
Case-II 1<x<12
1
e I
f(x) = L = [X]+(=1-[x]) =x%€{1,2,3,4,56,7,8, 9,10, 11, 12}
[X]-1+12+[-x]-11
not defined if xel
Case-III x<1
. 2(1_1[)(]) if xel
= ezt T - #(0.1) ox<t
—2[x]
) 0= (x+05)°08 0z s
x+05>0,x+05+1 = x € (-0.5, 0) &x=0.5 ... (A)
X2+2X_3 >0 or (X+3)(X—1) S
4x% —4x-3 (2x =3)(2x +1)
or X € (-, -3) U (—%,1} v (%ooj ..... (B)
. i : J 3,11
(A) n (B) .. Domain of f(x) : x e(_2’1j ) (2, j {2}
V)  f=— —3sim ¥, (XD

2
5o

& X e [-1, 1]

X+ 1

= xe[1,3)

= X e (-1,0)

1 .123456

& x+1>0

& x+1ew

Domain{——,O,— —
7
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(v) m=2%1_2¢ 50
4x2—1 > x4 = (x?)2—-4x2+1<0

(-22+1-4<0  \2-3<ixl<\2+\3
X e(—\/2+J§,—\/2—J§)U(J2—J§,\/2+J§)

‘e 3 -1 =3 +1 g J3 -1 /3 +1
V2 2 V2 2

22, f(x) = sin™" {xz +1} + cos™ {xz —1}
2 2

Domain : -1 < x2—1 <1 = Xe —\/E\/E
2 2\2
and B L = Xe —\/EE
2 2\2

= domainis xe —\/E\/E or X2 e 0,E
2°\2 2
if (i) x2 e{O,%} , then fx)=mn
. ! 1
if (ii) X2 e {Eq then f(x) ==
. 3
if (i) X2 e {1Ej , then fx)==n = range = {rn}
23. f(x) = _. +1-{x}-1= A +{=x}—1>+2 =1 (Using AM. > G.M.) (AM. > G.M.)
2{-x} 2{-x}
Range of f(x) is [v2 — 1, )
__3x
2 _ [,2 -
24, fx)= WXHI=3X L (s e o ] T = S T )
VX% 1+ x 1+ = X2 +1 1+ x
x% +1
VX% +1 —x71 (22X) 4
Now, g'(x) = 5 VX +1 5 L 375 > 0and h'(x) = (1+X)(_3)_(1_3X)(1) = —— <0
X< +1 (x=+1) (1+ x) (1+ x)
and  f(x)=h"(g(x)) g'(x)<0
1
1+— -3
2 4 2
= minimum f(x) = lim f(x) = lim NXEA1-3x lim - X =_1
X—>00 X—>00 ,X2+1+X X—>0 1+i2+1
X
| x| ’I+i—3x
. . . x? +1-3x x2
= maximum h(x) = lim f(x) = lim = lim
X—0 X—0 ,X +1+x X—>—0 |X| 1+ 12 o x
X

—/1+12—3
= lim V—X_ =« = Range of f(x) = (- 1, «)
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Relations, Functions & Inverse Trigonometric Functions “_

25. (i) gx)>0 = |sinx|+sinXx>0 = O0<X<T.oeeerrenne (A)

(ii) 0<h(x)<1 or h(x)>1

(a) 0 < sinx + cosx < 1 = g<x<:i77T ................ (B)
(b) sinx + cosx >1 = 0<x <g .................. (©)
(iii) log,,, 9(x)= 0
since h(x) > 1, g(x) > 1
i.e. [sinx| + sinx>1 = sinx > % (- sinx>0) = %g X g% ................ (D)
T T
From (C)and (D) x| —,—
(C)and (D) x e {6 2)
(b) O0<h(x)<1then0<g(x)<1
0 < |sinx| + sinx < 1 :>0<sinx£%
ie. 0<x<l & 5—7tsx<rc ............... (E)
6 6
From B & E x € ¢ so final domain is {%gj
26. (i) For domain (i) [x]>0and [x] =1
SO [X]=2,s0x e [2, x)
for range if x e [2, »), then u =1
X
so f(x) = cos™'0 =T
2
Range of f(x) = {g}
(i) f(x)= \logy, log, [x* +4x +5]
D:0<log, [x*+4x + 5] <1
or T<[x?+4x+5]<2
= [x2+4x+5]=2
or 2<x?+4x+5<3
Dixe(-2-+2,-3]uU [-1,-2+2)
R : {0}
2 2 2
. X X 1 X
(iii) f(x) = S|n-1llog2 (7ﬂ = -1 3|°92[7J <2 = ES - <4

- X € (=8, -1] U1, ¥8)and R:{—g,o,g}
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Relations, Functions & Inverse Trigonometric Functions “_

(iv) f(x) = log,, _,, sinx
sinx>0 = X € (2nm,(2n+1)n)

here [x-1>0&[x-1]=#1 = X e [3, ©)

Domain x € [3, ) U {G (2nm, (2n +1)n)]

n=1

For range sin x € (0, 1] and [x — 1] € [2, «) so range e (—o, 0]

(v) f(x) = tan~" J[x]+[-x] + 2| x| + Xiz

Domain : (i) X]+[=x]=0 = xel
@iy 2-|x|=0 = X| <2 = xe[-2, 2]
(i) x=0

For domain (i) m (ii) m (iii)
Domain : {2, -1, 1, 2}

1
Range : <—, 2
° {4 }

_ sin’x+4sinx +4 1 1 1
27. y=—— . N — . D
2sin“x+8sinx+8 2sin“x+8sinx+8 2 2(sinx + 2)
y = 1+ ; =1 : y = 1 + 1 = é
™20 2(-1+2) ’ o2 2114272 9
range = E1
91
28. f(x) = log, [3x — 3[x] ] = log, [3{x}]
period 1.

so 0 < {x} <1
0<3{x}<3 = [3{x}]=0,1, 2
SO range {log,1, log,2} = {0, 1}.
29. As g(x) is periodic with period 2 so f(g(x)) is periodic with period 2.

Now g(x) = sin nx+g{g} =sinmtx+8 %-Osx<2

gx)=sinmx+4x:0<x<2 = g(x)=ncosmx+4T

SO g(0)=0and g(2-)=8 so, a(x) € [0, 8)

1 1 1
f f i == =,1].
so range of f(g(x)) is (1+64 1} (64 }
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Relations, Functions & Inverse Trigonometric Functions “_

X

t; _
30. Period of e {4} is 4 =N cosn (%j= 0 vxeR

Period ofsm( mlx ]j is 4

". Period of f(x) is 4. For periodic function f(x) range can be calculated for x € [0, 4]

Ifx [0, 1); f(x)—— f(x)e { ‘U ; Ifx e[1,2); f(x)—z+1 ,f(x)e B gj
Ifx € [2,3); f(X)— —, f(x)e B %j ; If x e [3, 4); f(x) = %—1,f(x)e{—%,0j

11 23 53
Range €| ——,— | U|—— | U|—,—
4 4 4 4 4 2
31. smz x] + cos7x + cos— [x] period is LCM of 8, 4 and 6 = 24

X

32. After simplification g(x) = 1
X —

—g(2)=2

33. f(x) +5<f(x+5)<f(x +4)+1<f(x+3)+2<f(x +2) +3<f(x + 1)+ 4 <f(x)+ 5

= In all steps there is equality only = f(x + 1) =f(x) + 1
Now f(1)=1 = f(2)=2

f(3)=3

f(4)=4

f(2016) = 2016 = g(2016) = 2016 + 1 — 2016 = 1

34. [XIlyl=x+y

()  ifx,yelthen xy=x+y or y-i = (xY)is(0,0), (2 2)

1
(i) ifx,y ¢l
Let x=L+fiandy=L +f,thenl, + L, +f +f, =11,
= fi+f,el
0<f, +f,<2 = f+f,=1.
L+L+1=L1, - n=2tl4, 2
I, -1 I, -1
L-1=%1,+2, 1,=2,0,3,-1
,=3,-1,2,0 = ILI,=6,0
x+y=LIL = x+y=0orx+y=6
35. (i) f(x)=Ax?+Bx +C = xelandf(x) el
atx=0,f0)=C = Cisintegeratx=1,f(1)=A+B+C
. C is integer A + B is also integer
atx=-1,f(-1)=A-B+C = f(1) +f(-1)=2A+2C
C is integer 2A is also integer
(i) fx)=Ax(x—1)+(A+B)x+C = f(x)=2Aw +(A+B)x+C
. . x(x=1) . . x(x—1)
If x is an integer then 5 is also an integer and 2A, 5 (A+B),Cel
= f(x) is also an integer.
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Relations, Functions & Inverse Trigonometric Functions “_

36.=

37.

38.

For option A
X Y

23—

P

fFTA))=AUA A Hence A is wrong
For option B
X

&P
(&5

Y

23—

PE=I

&P
(&5

f(X)=Y = fisonto but it will not effect on mapping of function. Hence B is wrong

For option A & B other explaination can be given else if Y is a singleton set then the function f is
constant function and hence is trivially onto (unless X = ¢). But in such a case, even if A consists of just
one point, f(A) is entire set Y and so f'(f(A)) is the entire set X, which could be much bigger than A. So
A and B are wrong even if f(X) =Y

Fog( option CY

58

f(X) < Y (range # co-domain)

f(X) is a proper subset of Y (so that f is not onto), then for B = Y option C is wrong because f-'(Y) = X

but f(f-'(Y)) = f(X) = Y.

For option D
X

Y

If B =Y, then f(f-'(Y)) is the range of the function f. If this is equal to Y, then function must be onto, thus
f(X) =Y is necessary condition. Hence D is correct

. x? —k 1 x2—k
For g(x) to be surjective x e R = 0 < cos™ 5 <3 = —< 2 <1
1+ x 2 Xl
x2+1>0 V xeR
%(x2+1)_<_x2—k<x2+1 (1)
From Eq. (1), taking RHS
xX—k<x?+1 = k>-1
From Eq. (1), taking LHS
X2+ 1<2x2 -2k = x2>2k+1 Vv xeR
2k +1<0 = k<2 - kel-2
2 2

Equation (1) is cosx = x equation (2) is cos(sinx) = x and equation (3) is cosx = sin~'x is
Since sinx < x = cos(sinx) > cosx now drawing the graphs of the functions we see thaty <a <f

Sin"x

Cosx

y Cos(sinx)

/\
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Relations, Functions & Inverse Trigonometric Functions “_

39. Given f(x) = log,log,log,log,(sinx + a?)
f(x) is defined only if log log,log (sinx + @?) >0, V x e R
= log,log(sinx+a?)>1, V x e R = log,(sinx + a%) >4, Vx e R
= (sinx+a?)>5% VxeR = az>625-sinx, Vx e R
= a? must be greater than maximum value of 625 — sinx which is 626 (when sinx = —1)
= a’> 626 = ac (—o, —/626) U (1626, x)
40. (i) Let cos'x=0,thenx=cosband0<0<n

cos'x if 0<x<1

sin'\1-x2 = sin' (sin 0) = 2 =

0 if 0<p<™ {
-0 if f<0<n
2

n—-cos'x if -1<x<0

2

cos'x=sin"' V1-x° if 0<x<1 istrue.

(i) Let sin”' x = 6, then x = sin 6 and —g <6< g
T
-0 -—<0<0 A
' - , —1<x<0
cos'\V1-x? =cos™ (cos 0) = 2 = 7S X X
0o 0<p<ZX sin'x , 0<x<1
' R 2
sin' x = cos'V1-x2 if 0<x< 1istrue
(iii) Letcos'x=06,thenx=cos0and0<6<n
T
0 0<0<— -
2 ) 1
tan-" 1-Xx = tan- (tan 0) = 2 _ Cos™ X , O<x<1
0-x  Topg<n l-mtcos'x , -1<x<0
. L y 1-x? .
i.e cos'x=m+tan' ————, -1 <x <0 is correct.
X
4. Let cosec™ x = 0, then x = cosec6 and 6 < {—g OJU(O, g}
2 . T
o . —+/cosec 6 —1 |f—5s9<0_ —/_x2—1 i % < —1
cot (cosec'x) =cot6 = =
Jcosec?0—1 if0<esg x% 1 if x>1
42. (i) Let sin-'x = 0. Then x = sin § and —gsesg
cos0 = V1—sin20 =\1-x
0 if-Z<0<0 L 1< x<0
cos'vV1-x% =cos™ (cos 0) = 2 = 7SIn X hoisxs
o  ifo<o<® sin'x  ifo<x<1

—cos ' V1-x? if —1<x<0
cos™ V11— x? ifO<x<1

sin7'x =
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(i)

Thus sin'x = tan’

(iii)

cotd =

cot!

Thus sin'x =

43. Casel y=x
X=y
f1(x) = x

Caselly =x?
xX2=y

x =y
f1(x) =+/x

Casellly = 8v/x
v2

X=_
64

2
X

f—1x =

0= %2

2

44. x
4

2
1< +y_
9

y

Letsin'x=0.Thenx=sinfand —~ <0<~ {Note:e;at—z,E
2 2 2 2

V1-x2

x

< 1 represents interior and the boundary of the ellipse XT +

because x #+ 1}

tan- =tan' (tan 0) = 6 = sin”'x

1-x2

X

1-x2

,forallx e (-1, 1)

Let sin"'x = 6. Then x = sin6 and —g£9<0 or 0<9£g {Note: 6+0, because x =0}

1-x?

X

0+

if —Z<0<0
= cot (cot ©) = 2

_ |m+sin'x if—1<x<0
0 W0<9S% sin'x  if0<x<1

if —1<x<0

2 if 0 <x<1

X>4

y>16

x> 16

2

N

y_=1

Also—1< —— 4+ Y _2<1

242 32

. X y
i,e. — + — >1and
242 3v2

X ., Y
22 32

which contains only one

2 2
sin™’ [X— + y_]
4 9

=sin~' 1 + cos™’

Y .5
32

X 4
242

> 1 represents the portion of xy plane

L 3 x? y?
ointviz: | v2,— | of —+2-<1
p [J_Jij TR
1

[ ox y . 1 (11 J
+cos!| —+——=-2| =sin”'| —+—| +tcos!| —+——-2

(ZJE 32 j (2 2} (2 2
1=

/\

/\
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2
45, a =2 tan™ 1=x ; B = sin’ 1-x
1-x 1+ x2
put x = tan 0 { x>1:>9>%}
= a =2 tan” 1+tand
1-tan6
~ b b 3n 3n :
= o=2tan"'tan| —+0 |y =2—+0-n;, =2460——> =20— .. (i)
4 4 4 2
2
B =2 sint 1‘“3—”29 = sin-' (cos 20) = sin{sin(ﬁ—zeﬂ= L _20 (ii)
1+tan? 0 2 2

by (i)and (i) oa+p=-=n
46. Since—1<x<1

T
— —<tan'x< —
4

A3a

[tan-x]=-1,0
When [tan'x] = — 1, then {cos'x} = 1 (not possible)
When [tan-'x] = 0, then {cos~'x} = O

cos~'x is integer
Since 0 <cos'x<m

cos'™x=0,1,2,3

x=cos 0, cos 1, cos 2, cos 3

but x = cos 2, cos 3

the solution set is {1, cos 1}

47. If x < -1, then sec'x > gand tan-'x < — % <0
sec'x > tan-'x for all x < —1

If x > 1, suppose tan—'x = 6, then %s 6 < g andx =tan 0

sec 0= V1+tan?0 = 1+ x2
sec'y1+x% =sec’ (sec 0) = 0 = tan-'x
thus the inequality becomes sec-'x > sec'v1+ x?

x> J1+x?>  ie. x2> 1 + x2 which is not possible
{X:x € (-, —1)} is the solution set

48 sin™’ X —sin‘1x_1 = sin™’ L = sin™’ —sin™’ L =sin-1x_1

) V1+ m V 1+ x J+x X +1
= sin’ / / / =

{ 1+ X 1+x J1+x ’I+x} (x+1j

X x—1
= sin”'| ————| =sin'| —— xeR
X+1 1+x X +1
But domain of sin~' /L—sin‘ﬂ(_1 = sin L isx>0
1+ X X+1 J1+ X
Hence x>0
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49. (i) As yel’ = cotly = tan-11 = tan~'— = tan™’ 3-x
y y 1+ 3x
=1+3X x=1y=2 x=2,y=7
3-x
(ii) case(i) x & y both are negative integers as K € N ..RHS is +ve, while LHS is —ve

..no solution is possible
case(ii) x & y both are + ve integers.
Asx,y e N
tan-'x, tan"'y € {tan' 1, tan-'2, tan" 3........ }

(tan-'x + tan-"y) has minimum possible value is g

But tan-' k cannot be equal to g or more

No solution is possible
case(iii) One of them is +ve integer, while other is —ve integer say y is —ve | nteger.
Let y=—p;peN

Given equation = tan'x —tan-'p = tan'K
= tan”' K+ tan-' p = tan™" x

Clearly no solution (similar to case (ii))

2

0<(tan'x2 <X 512

50. 4 |= (tan™" x)? + (cos™" x)? ST

0<(cos'y)? <n?

§ i 502 , 5 ;
But (tan x)? + (cos™' x)? = w?k hence kn? < e K SZ ....... (i)

2
Now put tan-" x =g —cos'y (% —cos™ yj + (cos™ y)? = w2k (where cos™ y = t)

2

22—t +| = —kn? [= 0
4

For real roots, D >0

2
nz—B(%—kanZO = 1-2+8k>0,k> ...(ii)

1
8
From (i) and (i), k = 1

2 2
With k=1, 1= FEV8 = mTr =(1:J7 ) =
4 4 4
or cos-1y=(\/7+1)%(asOsoos-1ySn) y=cos(\/7+1)%
tan-1x=g—(\/7+1) %=%[(1-ﬁ)} = x=tan(1—\/7)%.
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